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Preface

Harnack inequalities are useful qualitative tools for understanding the
properties of partial differential equations. Originally discovered as a prop-
erty of harmonic functions, Harnack inequalities have since been studied for
solutions of wider classes of elliptic and parabolic problems.

In this monograph, we take particular interest in deriving Harnack in-
equalities for solutions of nonlinear evolution equations. We focus on ex-
ploring the methods introduced by Li and Yau in the case of the linear heat
equation and later extended to nonlinear problems by Auchmuty and Bao.
Prior to presenting these results, we study a minimisation problem, which
appears naturally in the proofs.

After establishing a family of three general Harnack inequality results
by Auchmuty and Bao, we investigate applications to deriving Harnack in-
equalities satisfied by solutions of the porous medium equation and weak
solutions of the parabolic problem associated with the p-Laplace operator,
which we refer to here as the p-diffusion equation.

Finally, we demonstrate a common application of Harnack inequalities
by proving the local space-time Holder continuity of solutions to a class of
linear evolution problems. The proof is based on methods introduced by
Moser during his seminal work on Harnack inequalities during the 1960s.

We conclude by suggesting potential opportunities for future work fol-
lowing on from the topics discussed here.
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CHAPTER 1

Introduction

When studying partial differential equations, it is important to develop
qualitative and quantitative tools, such as inequalities, which can be used
to discover features of their solutions, for example, their Holder continuity
or maximum principles.

In 1887, Harnack [21] proved the following inequality for positive har-
monic functions defined on the open ball Bg(zo) C R?:

R—r R+r
< <
R—i—ru(xo) < ulw) < R—r

u(zp).

This inequality holds for all x € B, (xo) and r < R. We note that throughout
this monograph, a function u defined on Q will be called positive if u(xz) > 0
for a.e. x € Q and nonnegative if u(z) > 0 for a.e. = € Q. An analogous
formulation of this result may also be given when « is a positive harmonic
function on a domain Q C R¢ for d > 1. Often, Harnack’s inequality is
stated in the following form

71 sup u<u(zg) <7y inf w, (1.1)
B, (z0) By (z0)

which is due to Kellogg [23]. Here, we assume that B,(z9) C Q and impor-
tantly, the constant v > 1 is independent of the function u. Alternatively,
the ball B,.(x¢) may be replaced with any subdomain Q' compactly contained
in , meaning that / C Q.

Harnack’s inequality has several important consequences in the theory
of harmonic functions.

(i) (Liouville’s Theorem, [17]) Every nonnegative harmonic function
on R? is constant.

(ii) (Removable Singularity Theorem, [6]) Let d > 3. If a function
u : B.(0)\ {0} — R is harmonic and u(x) = o(|z|?>~¢) for z — 0,
then u(0) can be defined so that u : B,(0) — R is a harmonic
function.

(iii) (Harnack’s First Convergence Theorem, [19]) If a sequence of har-
monic functions on a bounded domain Q C R?, which are con-
tinuous on 2, converges uniformly on the boundary 952, then the
sequence converges uniformly in §2 to a harmonic function.

(iv) (Harnack’s Second Convergence Theorem, [19]) If a sequence (uy,)
of harmonic functions on a connected open set @ C R¢ is monotone
increasing and there exists o € 2 such that (uy(z¢)) is convergent,
then (u,) converges uniformly on every compact subset of  to a
harmonic function wu.
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Following Harnack’s discovery, attention has been given to proving sim-
ilar inequalities for parabolic equations. In the parabolic case, a time de-
pendence can be seen in the resulting inequalities. In 1954, Hadamard [20]
and Pini [31] independently derived Harnack-type inequalities of the form

’y*l sup u(z,ty — r2) < wu(xg,tg) <~ inf )u(:c,to + r2) (1.2)
X

2E€Br (o) €Br(zo
for positive solutions to the heat equation,
ur = Au in Q x (0,00). (1.3)

In inequality , we see a waiting time from to — r? to ¢y and from ¢y to
to + r2. Using the physical interpretation of as describing the distri-
bution of heat in a medium, this means that if the temperature u is known
at a point x( in space, then after waiting some time, the temperature ev-
erywhere in a neighbourhood of ¢ will be at least @ This waiting time
is in fact necessary for the result to hold, as has been demonstrated using
counterexamples, such as the following one contributed by Moser [29].

Suppose there exists v > 1 independent of u such that

sup u(x,tg) <~ inf u(z,tp) (1.4)
reK ek

for all solutions u of
Ut = Ugy in R x (0, 00), (1.5)

where K CC R and ¢y > 0 is fixed. The function
e, 1) 1= ¢ 1/2e— P

is known to be a solution of ([L.5)) for all £ € R. Observe that for any o > 0
fixed, one has that
Ug (Oa 1)

lim e%0/4em08/4 — (.
E——o0 u§($0, 1) E——o0

Applying ((1.4) for some K CC R containing xy and 0 yields

Taking & — —o0, we reach a contradiction, since the left-hand side becomes
unbounded in the limit.

In 1964, Moser [29] also expanded on this work by obtaining a similar
result for weak solutions of more general parabolic differential equations
with variable coefficients, that is, equations in the following divergence form

ou 9 ou .
pri kzl 92p (akl(x’t)f):q) in Q x (0,7). (1.6)

Here, the coefficients ax;(z,t) are measurable functions with ax; = aj; that
satisfy the uniform ellipticity condition

)\_1 S Z akl(:r,t)fk& S A (1.7)

k=1
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for all ¢ € R? with Dk f}% = 1. In particular, Moser proved that there exists
a positive constant C' such that

sup u<C inf U

By (o) % (t] ,t5) By (o) x (8] ,t3)

for all nonnegative weak solutions u of where r > 0 is such that
By(zg) € Qand 0 < t] < t, < t] < t3 < T. Here, one must under-
stand the supremum and infimum in the sense of the essential supremum
and essential infimum respectively. Moser then used the oscillation of weak
solutions of to prove that these are space-time Hoélder continuous on
the interior of a rectangular domain. Although Holder continuity had al-
ready been established by Nash [30] in 1958, Moser presented a new method
for proving this result, which we will explore in Chapter

Research in pursuit of Harnack-type inequalities has been heavily in-
fluenced by the work of Li and Yau [27], who developed new methods for
deriving such results. In their analysis of positive solutions of the heat
equation on RY x (0,T), the sharp gradient estimate

Vul2  w _d

_ e

u? u ~ 2t

was found. By integrating this inequality over a path connecting (z1,t1)

and (z9,2) in R? x (0,T) with 0 < t; < to < T, it follows that for all such
points

(1.8)

t d/2 _|xzfx1|2
u(x2,t2) > u(z1,t1) <7§2> e Alt2—t) (1.9)

We remark that Li and Yau’s results have particular significance, since they
hold more generally on complete Riemannian manifolds with nonnegative
Ricci curvature. However, the exploration of Harnack inequalities on man-
ifolds is beyond the scope of this monograph and we instead restrict our
attention to the Euclidean space R

Harnack-type estimates analogous to have also been formulated
and proven for parabolic and elliptic equations in non-divergence form, for
example, by Krylov and Safonov [25], [32]. Similar to the case of operators
in divergence form, this result can be used to prove the Holder continuity of
the solutions.

Another topic of interest is the notion of a boundary Harnack inequality,
which was first introduced by Kemper [24] in 1972 for harmonic functions
and solutions of the heat equation. We now recall one of the main results
from this paper. Let © be a bounded domain in R? and I" a compact subset of
the boundary 992. Let ' C Q be a domain such that 9’ NN is compactly
contained in the interior of I'. Then for z¢ € €/, there exists a constant
C > 0 such that

sup u(z) < Cu(zo)

zeQY
for every nonnegative harmonic function u that vanishes on I'. Unlike the
case of inequality , it does not make sense for a similar two-sided in-
equality to be obtained here. Indeed, the assumption that u vanishes on I'
guarantees that the infimum of « will be zero. Thus, any attempt to control
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the supremum by the infimum in the usual manner would only be valid for
u = 0.

1.1. MODELLING

Throughout this monograph, we are interested in studying some partic-
ular parabolic equations, specifically the linear heat equation, the porous
medium equation, and the p-diffusion equation. Each of these equations
arise naturally in physical phenomena and will be introduced below.

First considering the porous medium equation, let M > 1 and consider
u to be a scalar-valued function representing the density of a gas flowing in
a porous medium ©Q C R? The evolution of the density u is governed by
the continuity equation

up + div(uV) =0 in  x [0, 00) (1.10)

where V' denotes the velocity of the gas [15]. Assuming that the flow is
laminar, the velocity V is related to the pressure f of the gas by the linear
Darcy law V = —V f and the pressure f is proportional to «™~!. Using a
rescaling argument if necessary, we choose the constant of proportionality
to be % Combining this information yields the relationship

V= V().

By a direct calculation, it can be seen that uV = —V(uM). Inserting this
into (1.10)), we arrive at the porous medium equation

uy = A(u™) in 2 x [0,00).

Next, seeking to understand the p-diffusion equation, we suppose that
u represents the electric potential in a medium  C R?. Let o : Q — [0, 00
be a measureable function corresponding to the conductivity of the medium
2. We follow the explanation provided in [10]. Ohm’s law states that the
electric current density J obeys J = —ogVu. Combining this with Kirchhoff’s
law, div(J) = 0, we obtain the linear conductivity equation

div(eVu) =0 in Q. (1.11)

Alternatively, using the continuity equation u;+div(J) = 0 instead of Kirch-
hoft’s law produces the associated parabolic equation

up = div(oVu) in 2 x [0,00). (1.12)

In the case ¢ = 1 corresponding to a medium of uniform conductivity, we
recover from ((1.11]) and (1.12)) the usual Laplace equation Au = 0 as well as
the linear heat equation u; = Awu, best known as a model of heat diffusion.

Several media encountered in the physical world do not obey the linear
Ohm’s law. One possible alternative is that the current density J satisfies
a power law J = —o|Vu[P~2Vu for some 1 < p < oo. Consequently, by
Kirchhoff’s law, u instead satisfies

div(e|VulP?Vu) =0  in Q.
Again, by setting o = 1, we recover the p-Laplace equation

Apu = div(|VulP2Vu) =0  in Q.
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Using a continuity equation, the related parabolic equation, which we call
the p-diffusion equation, can be derived as

u = Apu in  x [0, 00).

1.2. MAIN RESULTS

We begin by reviewing some Harnack-type inequalities discovered by
Auchmuty and Bao [5], whose methods were heavily inspired by the work
of Li and Yau. In particular, the ideas of Li and Yau were adapted to derive
Harnack inequalities for solutions to parabolic equations satisfying a more
general gradient estimate.

Theorem 1.1 (General Harnack inequalities, [5]). Let  C RY be an open
conver set and let f be a positive continuously differentiable function on
Qp :=Q x (0,T), for which there exist constants C >0, p> 1, r € R, and
a function a € L (0,T) such that

loc
%jtafz C‘;f’p n Q. (1.13)
Then for all 1,79 € Q and 0 < t1 <ty < T:
(i) if r =p—1, then
eAlt1) _ Elwg—ay|?

f(.’L'Q,tQ) > mf(%‘l,tl)e (tz—t1)471;

(ii) if r > p—1, then
eA(tl)
f(za,t2) > mf(l“l,tl)x

(1+ m&|wa — 1 [T f (21, 1)) ™A )Y 5

(iii) if r < p—1, then

A\ ™ — pqlafi—a
[f (22, t2)]™! > (ZA(tg)) ([f(xlatl)]m - ‘m’ﬂ:i“x(il)‘ > - (1.14)

If the quantity in the large parentheses above is nonnegative, then

e mi¢ 2z — @170 \ P
€ mi|g|T2 —T1
fota) 2 Gy f (o1 t1) <1 - [f(xl’tl)]melmlA(t1)> ’
where q == p%l, m:= 5 — 1, § = %(I%)qfl, A(t) is an antiderivative of

a(t), and I := fttf emp—1AW®) gt
In addition, if f is nonnegative on Qr and satisfies inequality ((1.13])
with r =0, then (1.14)) holds for all x1,x9 € Q and 0 < t; < to <T.

The key idea in the proof of this theorem is to connect a pair of points
(x1,t1), (z2,t2) € Qr by an arbitrary continuously differentiable path z(t).
By manipulating the gradient estimate , an estimate of the time deriv-
ative of the function f along the path z(¢) may be found. After integrating
this new inequality over an optimally chosen path z(¢) and some rearrange-
ment, the final results of Theorem may be obtained. This proof will
be discussed in further detail in Chapter [3] along with a second version of
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this result posed under weaker assumptions (Theorem . We also present
another similar result obtained from a different gradient estimate (Theorem
3.2).

As applications of Theorem [1.1] we derive Harnack inequalities for solu-
tions to three significant parabolic equations, which may all be found in [5].
The first equation we consider is the linear heat equation , the result
for which was stated earlier in the introduction, but we formulate here more
precisely.

Theorem 1.2. Let u be a positive solution of the heat equation
ur = Au in RY x (0, 7).

Then u satisfies

t a/2  |zz—aa|?
u(xe, to) > u(wy,ty) <t2> e Ata—t1)

for all x1, 20 € R and 0 < t; <ty < T.

In combination with , this result may be recovered from Theorem
With a(t) :== %, C=1,p=2andr =1

We also consider two nonlinear variants of the heat equation, namely
the porous medium equation and the p-diffusion equation. The proof in
both cases relies on applying an Aronson-Bénilan-type estimate to arrive at
a gradient estimate of the form . The result in the case of the porous
medium equation can then be obtained from Theorems and [3.2] with

a(t) :== Mﬂfzi%%,Czl,p:2andr:0.

Theorem 1.3. Let M > My(d) := max{0,1 — 2} and let u be a positive
solution to the porous medium equation

up = A(uM) in R% x (0,T).
Then, for all x1,x9 € Re and 0 < t] < ty < T, one has that
(i) if M > 1, then

B £\ 4 M —16]ze — 21?1
M- s (1 M- 7l
[U(LL'Q, 2)] =z (tz) |:[U(-T1a 1)] M 4(tg _ t‘f) t,lit )

(i) if M = 1, then the porous medium equation reduces to the heat

equation (1.3) and the result of Theorem holds;
(1) if Mo(d) < M < 1, then

B PN L M —16lwy—ag2 1]
1-M 5 (22 M=1_ 2 0
[u(za, ta)] > <t1> [[U(Hfhtl)] M a(td — ) tF )

where [ =

andwitha(t)z%,CzlandrzO. Here’y:zi%fandKisa

Finaﬁwe obtain a result for the p-diffusion equation by using Theorems
constant obtained from a relevant Aronson-Bénilan-type estimate.
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Theorem 1.4. Let % < p < oo and let u be a positive solution of the
p-diffusion equation,

25::&vuvmp2vu) in R x (0, 7).

Then, for all x1,20 € Re and 0 < t] < ty < T, one has that
(i) if p > 2, then

[u(z2, 12)]” > (

)" g qpl-qy—7K

o) (e )] —sgles — a0 )

(ii) if p = 2, then the p-diffusion equation reduces to the heat equation
(1.3) and the result of Theorem holds;

(iii) if 74 <p <2, then

_ to K 1—qu—yK\ 1
[l 02)] 7 > ( 7 ([ut@r, t)]" = €las = 11175
where v :=P=2 ¢g.= 2 ¢.=1(1 ot d:=02—-pK+1 d
ﬂy'_p—’q'_p—l’f’_q P ’ _( p) +7an

té_té
I = 25 ! 5 7é 07
logty —logt; 0 =0.



CHAPTER 2

Preliminaries

2.1. MINIMISATION OF A CONVEX FUNCTIONAL

During the proof of the general Harnack inequality results of Auchmuty
and Bao [5] in Chapter [3| our efforts to optimise the bounds in the inequal-
ities will lead us to solving a minimisation problem. We discuss the details
of this variational problem in this chapter.

Letl <g<oo,¢ = q% be the conjugate exponent of ¢, and 0 < t1 < to.
Let w : [t1,t2] = (0,00) be continuous. In the following, let || - ||, denote the
usual norm on L9(t1, to; RY) and let

felger = ([ etottute dt)l/ q

be the weighted norm corresponding to the measure du(t) = w(t) dt for the
weighted Lebesgue space, which we denote by L{,(t1,ta; RY).

Then, denote by Wq};’q(tl,tQ;Rd) the weighted Sobolev space, which we
understand as the space of functions z € LY (t1, to; RY) with weak derivative
also contained in L{(ty,t2;R?). We equip the space W&,’q(tl, ty; R?) with a
weighted Sobolev norm given by

[ llyye = l2llgw + [[E]qw-

Here, we understand @ as the weak derivative of x € W&,’q(tl,tg;]Rd). In
addition, we define the space W,j)’fé(tl, t2; RY) as the closure of the test func-
tions C°(ty,to; R?) in W&,’q(tl, t2; R?). For some basic properties of Sobolev
spaces, we direct the reader to Appendix [A] in which we provide a presen-
tation of the usual unweighted Sobolev spaces, that is, W&,’q(tl, to; R?) with
w = 1. However, any important properties we require hold true for the
weighted spaces used in this chapter.
Define a functional E : Wy(ty, t2; RY) — R by
1 [
E(r) =+ / () () dt
t

7/t

for all € Ww?(t1,t2; R?). We aim to minimise the functional E over the
affine space

A= {&} & W, (1, ta; R,
where & : [t1,t2] — R? is a fixed representative of the set of functions

{€ € Wy(t1,t2;RY) [ £(t1) = a1, &(t2) = w2}
8



2. MINIMISATION OF A CONVEX FUNCTIONAL 9

and 1,z € R? are fixed. For example, one may choose &y to be the straight
line segment connecting x; and zo in R?. In addition, we note that A is a
closed, convex subset of Wy (t1, ta; RY).

The main goal of this chapter will be to prove the following result.

Theorem 2.1. Let 1 < g < oo, 0 < t1 < to, and x1,T9 € RY.  Let
E : W (t1, t2;RY) — R be the functional defined by

1 [
B(z) = 1 / (0)| T (t) dt, (2.1)
q t1
where w : [t1,t2] — (0,00) is a continuous function. Then,
—
min E(x) = 22 = 1] 1
ved a(W(t2) — W (t1))

where W (t) := ft (w(s))l%‘l ds is an antiderivative of (w(t))flq

In practice, it is more convenient to understand the value of minge 4 E(z)
by the equivalent expression,

min E(& + x).
acEWi’y% (t1,t2;R%)
Hence, we first study properties of the mapping = — F({y+x) as a functional

on the space Wi:%(tl,tg;ﬂ%d), which will aid us in the proof. Throughout,
we assume ¢ > 1 and E is the functional given by ([2.1).

Proposition 2.2. The space Wi:%(tl, to; RY) with the weighted norm |- ||g.w
satisfies a Poincaré inequality, that is, there exists C' > 0 such that

[ ]lg.0 < Cll& g (2.2)

for all x € Wli”%(tljtg;Rd).
PRrROOF. We first note that the weighted norm || - ||4, is equivalent to
the usual norm || - ||;. The weight function w is continuous on the com-

pact interval [t1,t2]. Therefore, by the extreme value theorem, w attains a
minimum and maximum value on [t1,t3]. In particular, the positivity of w
guarantees both its minimum and maximum values are positive. Therefore,
we may define positive constants C; and Cs such that
C?:= min w(t), Cd = max w(t).
1 tG[tl,tQ] ( ) 2 tG[tl,tg] ( )
Then, C] < w(t) < Cf for all ¢ € [t1,ts]. Since |x(t)|? > 0, it follows that

[3)

ot [Tt ar< [ et de< of [l d

1 t1 t1
for all z € WJ}’,% (t1,t2; RY), which implies

Cillzllg < f[zllgw < Callzly-

Thus, the norms || - ||qw and || - || are equivalent as claimed. Therefore, we
derive a Poincaré inequality for || - ||4,» using a similar result for || - ||,.
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Let x € Wjj’y%(tl, t2; R?) be arbitrary. By characterisation in the Ap-
pendix, z(t1) = 0. Using this fact and an application of Holder’s inequality,
we have that for all ¢ € (t1,t2),

[z(t)] = [x(t) —2(t)] < t [(t)] dt

t 1/q )
< ( #(0)) dt) —

t1
. ’
< [|a{lgft — ta]"

Therefore, |z(t)|? < ||Z||4|t — t1]9/7, and by integrating over (t1,t2),

to to ,
/ ()] dt < [}#]¢ / t— 0297 dt.
t

1 t1

Hence, we arrive at the Poincaré inequality

[2llq < CsllElg,

t2 Yy
for || - || where C5 := <ft1 [t —t1]|7/ dt) = q Yty — t1).
The Poincaré inequality for || - |4, is an immediate consequence of this
result and the equivalence of the norms. Indeed,

) C2C3 .
[2]lgw < Collzllqg < C2Cs]2llg < —=—||2[lgw
and we conclude
HxHq,w < Cui”%w
for C' 1= €255, O
1

Proposition 2.3. For a given function § € W (t1,t2;R"), the mapping
x +— E(& + x) is coercive on ij,%(h, to: Rd)'

PROOF. Observe that the functional E satisfies
(@E(& + ) = [|€0 + &l g

for all z € Wulj:%(tl,tg;Rd). Then, using the Poincaré inequality (2.2]) with
C defined as in the proof of Proposition [2.2

(¢E(& +2))"/" = ||é0 + g + 1€0llgw = I0llg.0

> el = ol

= 7 CWellgan + ) = Wl
> g + 1la) = Wl
ST

Remembering that ||€o]/4.0 is a fixed constant, we see that E(& + z) — oo
as ||z||,;1.a — oo. Thus, E is coercive on W;”%(tl,tQ;Rd). O
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Proposition 2.4. The functional E given by (2.1)) is convex and continuous
on Wuqu(tl, ty; RY).

PROOF. Seeing that E(z) can be written as E(z) = %Ha‘cHg,w, E is clearly
continuous on W ?(ty, t2; RY) by the continuity of the norm || - [|4.0. Thus,
we focus on proving the convexity of E.

Let ¢ > 1 and consider the smooth function g(s) = s? defined for s > 0.
Then,

d%g
ds?

for all s > 0 and therefore g is convex. Hence, by the definition of convexity,

=q(g—1)s"2>0

M+ (1=XN)s)T < AT+ (1 —N)s?

for all nonnegative s,t and A € [0, 1]. Also, by the properties of any norm,
the Euclidean norm on R? is a nonnegative convex function. Indeed, for
z,y € R? arbitrary and for all A € [0, 1],

Az + (1= Nyl < |z + [1 = Ally| = Az] + (1 = My|
Letting f(z) = |x|?, we combine these results to yield that
fOx+ (1= Ny) = |Az+ (1= Ayl
< (Al + (T =Ny
< Azl + (1= A)yl?
= Af(2) + (1 =) f(y)

and therefore f(x) = |z|? is convex for all ¢ > 1.
Now let z,y € Ww?(t1,to; RY). Then @(t),5(t) € R for all ¢ € (t1,t2),
and so we may use the previous inequality to write

IAL() + (1= N)g(0)] < Ale()]? + (1 = A)[g@)|*

for all A € [0,1]. Since w(t) > 0 for all ¢ € [t1,t2], we multiply through by

%w(t) and integrate from ¢; to t2 to obtain

to to
o[t + @ = Nole de < [T aole d
q t1 q t1
1 [t2
. A)/ 19(0)]%w(t) dt.
q t1
Hence, we conclude that F is convex on W&;q(tl, ty; RY). O

In order to assist us in finding a minimiser of F, we introduce the notion
of the Gateaux derivative, which can be understood as a generalisation of
the classical directional derivative, which is sensible for functionals defined
on (infinite-dimensional) Banach spaces. For more details regarding the
application of the Gateaux derivatives to minimisation problems, we direct
the reader to Appendix [B]
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Definition 2.1 (Gateaux derivative, [35]). Let E : V — (—o0,+00] be a
functional on a Banach space V. Then the Gateauz derivative of E at x € V
in the direction h € V is given by

lim E(x +th) — E(:J:)
t—0+ t

If this limit exists in all directions h € V and there exists E'(z) € V' such
that

E th)— FE
(E'(z), hyyry = lim 2ETH) = E(@)
t—0+ t
for all h € V, then we call E Gateaux differentiable at x with Gateaux
derivative E'(z).

We note that if the Gateaux derivative E’(x) exists, then it is unique.
In addition, a suitable candidate for the Gateaux derivative of £ at x may
be calculated as

d
LBz +th)|
g El@+th) —

However, it is necessary to check that this function satisfies the definition in
a rigorous sense, which we demonstrate below for the functional £ defined

in .

Proposition 2.5. For a given function & € Ww’q(tl,t%Rd) the mapping
x — E(& + ) is Gateauz differentiable at all x € W O(t1,t2; RY) with the
Gateaux derivative at x in the direction h € Ww’o(tl,tQ,R ) given by

(B (60 + 2, By 1yt = / C€0(t) + I (Eo(t) + #(8) h(E)w(t) dt.

Proor. Fix z € W O(tl,tg,Rd) and set v := & + x. First, we verify
that E'(v) is indeed an element of the dual space

ﬂ%ﬂmwﬂw%:mﬁﬂmmmﬂ

In particular, we show that E’'(v) : Wl’q (t1,t2;RY) — R is linear and con-

tinuous. Let hi, ho € W O(t1,t2; RY) and A1, A2 € R be arbitrary. Then,
using the linearity of weak dlfferentlatlon and integration,

(E'(v), )\1h1+)\2h2>

L
-/ " ()12 (AL (1) + Alia())w(t) dt

to

:M/hmmq%QM@mwa+M/'umq%@@mmwu

t1 ty

= )\1<E,< ) h1> +)\2<El( ) h2> —1,q’ qu

wO’

1q qu
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Therefore, E’'(v) is linear. Then,
|< ( ) h1> 1 .q’ Wl q - <El(v)7h2>wlzbaquwi:%‘

g/t lo(t) \H O[F1(8) — Fa() w(t)

= [ ® - R0l de

t1

< < /t t o)~V () dt) " < /t t B (t) — Ba(t)| " (t) dt>l/q

by Holder’s inequality. The quantity
to , to
|t ) d = [ jpoin) a
t1 t1
is finite since [0(t)| € L (t1,ta; R?). Hence,

D= (/t2|o<t>|qw<t>dt)1/q o2 < oo

t1
It follows that

(@) i)y g = (B'©0) By v | < DI = Bl

w,0
< Dl|h1 = ha|ly1.q

and therefore E’(v) is also continuous. Thus, by the definition of the dual
of a normed vector space, the linearity and continuity of E’(v) imply that
( ) S W O,q (t17t27R )
We now show E’(v) is indeed the Géateaux derivative of E at v, that is
. E(v+sh)— E(v)
Ww%)q 7Wl ¥ - 81—1)%1+ S

(E'(v), )

for all h € W (tl, to; R?), which is equivalent to proving

/ ) ('Mt) +sh)l" =[Ol _ rqa(t)rq—?v(t)h(t)) wo

lim =0.

s—0+ S

(2.3)
By applying the mean value theorem to the continuously differentiable map
v — |v|? for every t € (t1,t2), there exists 6(t) € (0,1) such that

[6(t) + sh(t)|? = [6(£)]7 = [6(t) + s0)A(t)|"2 (6(2) + s0(t)h(t)) sh(t).
Inserting this into the limit in , we calculate

/2(|”()+59() (O)]972(0(t) + sO(t)h(t)) h(t)

t1

lim
s—0+

- ]b(t)]q_zi)(t)h(t))w(t) dt‘.
Using the continuity of v +— |v]7~ 2,

T [o(8) + s0()h(1) |2 (5(2) + OO (E) = [6()[>5(h(2)
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for all t € (¢1,t2). Then,
[[9(¢) + s0(8)A(0)|7~2(0(¢) + s60(8) (1)) (1)]
= [0(t) + s6(t)h(t)| 7| (1)]
< ([o(t)] + s8(®)lin(t))? A (t)]
)

Then, since s0(t) > 0 and thus s6(¢)|A(t)| > 0, by an elementary inequality,
there exists K > 1 such that

([6(6)] + sO() AN < K (Jo(0)|"" + (s(t)[A())*")
for all t € (t1,t2). Therefore,
|[9(£) + sO()A()| 72 (6(¢) + s6(t)h(t))h(t))|
< K([o@)]7" + (s00)|h(t))) h(t)]
< K([o()]" + [A6)|)h(t)] =: g(t)
since s6(t) € (0,1) for s small enough. Since 0(t), a(t) € LL(t1,t2;RY) and
are hence also in LZJ_I(tl, to; RY), we have that
g() = K (901" + (e )h(t)] € LL(t, 12 RY).

Then, by Lebesgue’s dominated convergence theorem,

to .
<Iv( )+ sO()(0)|72 (0(¢) + s8(t)n(1)) h(t)

lim
s—0t

t1

—\@(t)q—%(t)h(t)> ‘w(t) dt = 0.

Thus,
to ; ; q __ |y q .
0< lim / ('“(t) = sh®Ff = 0@ _ \@(t)\q—%(t)h(t)) w(t) dt
s—0t t1 S
to .
< tim [ (1660 + st (50) + s0(00)te)
s—0t t1
=[O 2000)) fu(0) a
=0,
which proves (2.3) and therefore, E(v) = E(&+ z) is Gateaux differentiable
with derivative E'(v) = E'(§ + ) defined in Proposition O

We now ready to prove the main result of this section, Theorem

PROOF. Since Wﬂl]’%(tl, t2; R?) is a reflexive Banach space, we aim to ap-
ply Theorem from the Appendix, which provides sufficient conditions
for the mapping = — E({ + z) to attain a minimum. Propositions
and [2.4] prov1de that that this mapping is coercive, convex, and continu-
ous on W (tl,tz,R ), and thus also lower semicontinuous. Therefore, in
view of Theorem [B [B.4] the mapping z — E(& + z) attains a minimum on
Wi,:%(tl,tg;Rd). Equivalently, letting v = & + x, E(v) attains a minimum
on A.
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It is known from Proposition that the mapping = — E(§ + x) is
Gateaux differentiable for all z € W ot to; RY). Since F is also convex, it
follows from Propositions [B.5| and [B.6] that any point v = {, + 2 € A which
minimises F(v) = E(& + z) can be found as a point which satisfies

to .
(B0 M)y g = [ OI 20RO dt=0 (2.4
Wb W "
for all h € W (tl,tQ,R ).
Now, usmg that ftQ |0(t)[9w(t) dt < oo, we have that
to , to ,
[l 2iuo]” a= [ oo d@ <.
t1 t1
therefore, [0(t)|9-20(t)w(t) € LY (t1,t2; R?). Then, write as
to . [
/ 0(8) 20 ()h(Ew(t) dt = 0 = — / 0. h(t) dt
t1 t1

for all h € Wl}]:%, (t1,t2; RY) and thus for all h € O (t1,t2;RY). Using the

definition of the Sobolev space W1 (t1,t2;R?) and the uniqueness of the
weak derivative, in order for (2.4) to hold, one must have that

{lo(®1 2 0o(t)w(t)} =0
for a.e. t € (t1,t2). Thus, the solution to the minimisation problem can be
found as the solution to the Dirichlet problem

{lo@®)]2o(t)w(t)} =0 a.e. on (t1,t2),
{U(tl) = z1,v(t2) = x2. (2.5)

Here, the boundary conditions ensure the solution is an element of A.
The equation {|0(¢)|920(t)w(t)} = 0 is satisfied if and only if

[o(6)|" 2o (tjw(t) = A
for some A € R?%. Then, since t is nonzero, the equation may be written as
[0()|720(t) = Aw(t)) ™. (2.6)
Consider the function k(v) = |[v|9"2v for v € R? and let k= (v) := |v]¢ 2w.

We see that k! is the inverse of k by checking (k=1 o k)(v) = v for all
v € R%. We have that

(k™ o k)(v) = |[v]7 20" 0] 20
_ |v‘ q=2)(¢'=2)+q+q'—4,,
=

since (¢ —2)(¢ —2) + ¢+ ¢ — 4 = 0. Applying the function k=1 to both
sides of (12.6]), we have that

o(t) = [A(w(t) Y2 A(w(t)
= A2 A(w(t)
= B(w(t)) ™
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where B := |A|92A is an element of RY. Let W (t) denote an antiderivative
1
of (w(t)) 1=¢_ Then the solution to the Dirichlet problem (2.5 is given by

v(t) = D+ BW (t), (2.7)
where B, D € R are given by

T2 — I

B = Wiy —wiy

D= T — BW(tl).

We note that since w(t) is continuous on [t1,t2], v(t) is continuously differ-
entiable. Thus, v(t) is a C! path connecting the points (x1,t1) and (z2,t2)
in R? x (0, 00), which will become relevant later.

We prove this solution is unique, which is equivalent to proving that the
minimiser of E is unique. According to Theorem one may also arrive
at this conclusion by proving the functional F is strictly convex. However,
we prove the uniqueness of solutions to the Dirichlet problem as an
alternate justification for this result.

Suppose v,0 € A are two solutions of and let y := v — . Since
v and ¥ both satisfy the boundary conditions of this problem, it follows
y(t1) = y(t2) = 0 and therefore y € Wi)”%(tl, t2;RY). Recall from that

[ w2 ioue) a=o

t1

forall h € W;:%(tl, to; ]Rd). A similar statement can be obtained by replacing
v by 0. Applying this for h = y = v — 0, subtracting and factorising, we
have that

t2 . . .
/ (Jo@)[7 20 () — [0()|9720(1)) (0(t) — 0(t))w(t) dt = 0. (2.8)
t1

As shown in the proof of Proposition [2.4] the function f(z) := |z|? is convex,
and therefore its derivative f/(x) = |92z is a monotone function. Hence,
/' (x) satisfies the following monotonicity condition, which we write here in
terms of v(t) and 0(t) for all t € (t1,t2):

(Jo®)|720(t) — [0(6)|720(1)) (0(t) — 0(t)) >0 (2.9)
Together, and imply that
(o) 20(t) — [0()]720(1)) (0(t) — 9(t)) =0 ace. t € (t1,t2).

From this, we conclude that o(t) = o(t) for a.e. t € (t1,t2) and therefore,
v(t) = 9(t) + C for some constant C' € R%. Since v and ¥ both satisfy the
boundary conditions given in , we must have that C' = 0. Therefore,
v(t) = 0(t) for a.e. t € (t1,t2) and the solution to the problem given by
is unique. Thus, it follows that the point v € A for which E attains
its minimum is unique.
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Finally, we use the unique solution v of (2.5)) to calculate that the min-
imum value of the functional E on A is given by
1 ("
B(v) = / [o(8)[Tw(t) dt

qJy
_ ’B|q/t2 (w(t)) Tt dt

q Ju

=BT )
B (e - W)

This is equivalent to the result, which was claimed in Theorem O

Lastly, we consider a special case of Theorem corresponding to the
unweighted functional E(x) := % j;tf’ |z(t)|? dt. The following corollary may
be deduced from Theorem by setting w(t) = 1.

Corollary 2.6. Let 1 < g < 00, 0 < t1 < t9, and x1,x2 € R? and

A:={&} @ Wol’q(tl,tg;Rd). Let B : WHa(t1,t5; RY) — R be the functional
defined by

1 [

Bz) = 1 / (1)) dt.
q t1

Then,

_ q
min B(z) = M
zeA q(te —t1)91



CHAPTER 3

General Harnack-type Inequalities

In this chapter, we prove a collection of Harnack inequality results dis-
covered by Auchmuty and Bao [5] for functions satisfying a gradient estimate
of a particular form. Throughout, we let Q C R? be an open convex set and
write Qp = Q x (0,7).

Proor or THEOREM [I.1l Let f: Qp — (0,00) be continuously differ-

entiable. Suppose there are C > 0, p > 1, r € R and a € L} (0,T) such
that f satisfies the inequality
of CIVfp .
Qr. 1.1
e +af > I in Qp (1.13))

We first aim to manipulate inequality (1.13]) in order to apply Young’s in-
equality in the form

1 1
YPy S|z y - Z (3.1)
p q

for some vectors Y, Z € R?. To do this, let ¢ : Q7 — R and W : Q — R? be
continuous functions. By adding the quantity —(V f)- W + é|¢W|q to both

sides of ([1.13]), we have

of

1 CIv i
o Al (VW] > S

(VW ;wm% (3.2)

%)%, then the right-hand side of (3.2)) satisfies

p
1|/ \?
_(Vf)‘W‘f‘* <pC>

= v -0 () +51Ge) vl |

which is nonnegative due to Young’s inequality (3.1)) applied to Y = Vf
and Z = (1%) W. Combining this with (3.2)) then gives

1
1/ f"\»
watl(45) w
q|\pC
q—1
By letting £ := = (%) , we can rewrite the last inequality as

O ar (V) W 2 0 (3.3)

Now, let (z1,t1), (z2,t2) € Qp be arbitrary for some 0 < t; < to < T,
and let 2(¢) be a C! path in Q such that z(t1) = 21 and x(t3) = 2, that is,

If one chooses ¢ = (

q

CIV/IP
fr

q
of
E*'af—(vf)' > 0.

18
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the path x(t) connects the points 21 and x2. By the chain rule, it follows
that
of

d .
5 @), t) = 2 fa(t),8) = (VF(2(?),1)) - (@(t)

for all t € (t1,t2). Inserting this into (3.3) yields that along the path x(t),
f satisfies

d, r
Y oap—wn & wreFTwe o
Thus, we choose W = —1 and set m+1 = zﬁ to simplify this inequality as
d
d—J;Jraf > —£fm |2 (3.4)

We divide the remainder of the proof into three cases: (i) m = 0, (ii)
m > 0, and (iii) m < 0. Throughout, A(t) := ft a(s) ds will denote an
antiderivative of a € L{ (0,T).

loc

We begin by considering the case (i) m = 0. Then, becomes
df
dt

Since f is positive, we can rewrite this inequality as

1d
fc;; +a >~z (3:5)

Integrating (3.5)) over (¢1,t2) yields that
to

log[f (w2, t2)] + A(t2) + & [ [&(t)[7 dt = log[f(x1,t2)] + A(t1).  (3.6)

t1

+af = =¢fla]

Next, we optimise the estimate (3.6) among all curves connecting x;
at t; and x9 at ty. According to Corollary the minimum value of the
. to ) . . .
integral [,*|#(t)|? dt is given by

Plog —a | | | — x|
/tl ta —t (e —t)
Applying this to , we get that
gl f(oa, t2)] + Alt2) + €21 > loglf o, )] + A1)
By exponentiating and rearranging the last inequality, we obtain
eAlt1) _ Elog—ay|?

f(x2,t2) > mf(xhtl)e (tz—t1)‘1717

which is, in fact, result (i) in Theorem |1.1
(ii) m > 0: We multiply (3.4) by the integrating factor e to obtain

d A 1 A,
(feh) = =¢fmriet|d.
Since f is positive, this can be rewritten as

1 d

W@(fef‘) > —ge ],
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Since m > 0, it follows that
_—m 4
(feA)ymtt dt

By integrating over (t1,t2), we obtain

(fe') < mee ™47,

[f (2, t2)e )™ < [ f(ay, t1)eM ] ™™ 4 me ” e Aa(t)|? dt. (3.7)
t1

Since A(t) is continuous as the antiderivative of a locally integrable func-

tion, the function w(t) := e ™A(® is continuous. As well, observe that
w(t) > 0 for all t € [¢1,t2]. Hence, by Theorem the functional

1 [
B(z) =1 / =AW |5(1)[4 dt
q t1

has a minimum value of

1 to 1—q 1

—|ze — a1]? </ emP—DA®) dt> = —|@g — 21 ]9T1 Y,

q t1 q

t _ . - .

where we define I := ftf e™P=DAM) d¢. Inserting this information into (3.7),

we have that
[f (9, t2)e A2 ™™ < [ (a1, t1)e ] ™™ 4 mgag — a |11

—1

Faa,t2)e22) = {[f (1)) 4+ melwy — 1170}
eA(tl)
f(x2,t2) > Mf(:vl,tl)x
(1 + mé|ma — 21|19 (21, 1) ™™ A o

which proves the claim of Theorem in case (ii).
(iii) m < 0: The working in this case follows similarly to that in case
(ii). We obtain that

1 4

( feA)erl dt
Using that m < 0 and multiplying both sides of the above inequality by —m
yields that

(fet) = —ge ™.

-m d
( feA)erl dt
By integrating and rearranging,

(fe) > mee™™A|i]9.

[f(r, )M < [ (@, t2)e ]I 4 m]g : e ™M) dt (3.8)
t1

The integral in inequality (3.8)) is already known to have minimum value
|wg — 21|91 9. Inserting this into (3.8) gives

[f(afhtl)eA(tl)]'ml < [f($27t2)€A(t2)]‘m‘ +|m| € |ag — xl‘quq‘

This can be rearranged to give

Altr) i _ plagla
[f (2, t2)]™ > (ZA(Q)> <[f(x1,t1)]m - ‘mM’:i@A(il)‘ > )
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Since f is positive, this can be rewritten as

eA(tl)

mi
[f (2, t2)] ™ > (64@)) [f (@1, t1)]™ (1

‘m| 3 ’xZ — xl‘qfl_q
T f(r, t)]lmlelmlA) )

If the quantity in the large parentheses is nonnegative, then we can take the
|m|*™ root of both sides to obtain

A ml € [y — |7 \ 71
f(wa,t2) 2 —ga5 (@ t) (1 - [f(xl’tl)]melmlA(t1)> ’

which concludes the proof in the case that f is positive.
Finally, if f is nonnegative and satisfies ([1.13) with » = 0, an analogous
argument can be used to demonstrate that f satisfies

d
Z(feh) > el

Then inequality ((1.14]) follows as in case (iii) with m replaced by —1, which
completes the proof. O

Although the function f was assumed to be continuously differentiable
in Theorem in several applications, f may only satisfy a weaker set
of regularity assumptions. For instance, f may be a weak solution to a
particular parabolic equation. Thus, we state and prove a second version of
this theorem, which is also due to Auchmuty and Bao [5]. In particular, we
will place the following weaker assumptions on the function f:

(F1): f e I/Vlicl(QT) is positive and continuous on Q7;

(F2): f is absolutely continuous on every continuously differentiable curve
xT: [tl,tﬂ — Q where 0 < t] <ty < T,

(F3): the intersection of the set of points at which f does not have a
classical total derivative and the image of any absolutely continuous
curve in € is a set of #! measure zero.

These assumptions are chosen carefully, so that the calculus results used in
the argument of the proof of Theorem remain valid. For more detail
regarding the underlying theory, we direct the reader to Appendix [C]

Theorem 3.1 (General Harnack inequalities II, [5]). Let Q C R? be an
open convex set. Suppose a function f defined on Qr satisfies assumptions
(F1)-(F3) and that the inequality

of CIVfIP
ot fr
holds for some constants C' > 0, p > 1, r € R and for some function
a € LL.(0,T), where %{ € LL .(Qr) and Vf € (LL (7)) are to be under-
stood as a weak partial derivative and o weak gradient respectively. Then con-
clusions (i)-(iii) of Theorem hold for all x1,29 € Q and 0 < t; <ty < T.
Moreover, if f € WI})CI(QT) is nonnegative and continuous on Qp, satis-
fies assumptions (F2) and (F3), and inequality holds with r = 0, then
inequality holds as before for all x1,20 € Q and 0 < t] <ty <T.

+af >

a.e. in Qp (1.13)



3. GENERAL HARNACK-TYPE INEQUALITIES 22

PRrROOF. The proof of this result closely follows the arguments presented
in the proof of Theorem [I.1] with the main change that the classical deriva-
tives must now be replaced by weak derivatives. First assuming that f is
positive, we recall that the chain rule was previously used to write

of d .

5 (@), 1) = — f2(t),8) = (Vf(2(t), 1)) - (£(F) (3.9)
for any continuously differentiable path x : [¢1, 2] — € connecting the points
(z1,t1), (x2,t2) € Qp. Since [t1,t2] is a compact subset of (0,7") and by
assumption % € Li.(0,7), g—i € L .(0,T) and df; € C(ty,tg) for all

i=1,...,d, the quantity (Vf) -2+ % will satisfy

/t2
t1

Thus, in view of Theorem this result, along with the assumptions (F2)
and (F3), justifies the validity of the chain rule (3.9). Therefore, we once
again obtain

(Vf)-;t—i-gj;‘ dt < oo.

d
T yap > —epmjap €3
pil'

As before, the proof can be divided into three cases (i) m = 0, (ii) m > 0,
and (iii) m < 0, which each involve integrating the inequality (3.4). As an

example, in case (i) we obtain

where m + 1 =

/ttz %(log f(t)) dt + A(ta) + ¢ ’ (2)|* dt = A(ty).

1 31

In order to justify applying the fundamental theorem of calculus (Theorem
to the integral fttf %(log f(t)) dt, we must explain why the function
log f is absolutely continuous on [t1,t2]. Indeed, the logarithm function is
Lipschitz continuous on any interval [a, ], 0 < a < 8 < 00 not containing
zero. Since f was assumed to be absolutely continuous on the image of any
continuously differentiable curve, we conclude by Proposition that log f
is absolutely continuous on [t1,t2] as the precomposition of an absolutely
continuous function by a Lipschitz continuous function.

Similarly, during the proof in cases (ii) and (iii), we encounter the inte-
gral

to d
/ © () ) ar (3.10)
¢y dt
for m # 0. The function A(t) = [ "a(s) ds is absolutely continuous by
Proposition [C.3] as the primitive of an integrable function. Since the expo-
nential function is Lipschitz continuous on compact intervals, the composi-
tion e4(*) will be absolutely continuous on [ty,ts]. Then feA®) is absolutely
continuous as the product of absolutely continuous functions. Finally, using
that feA®) > 0 on [t;,ts] and that the map s — s~ is Lipschitz continuous
on any interval [o, 8], 0 < @ < < o0 not containing zero, we conclude
that (feA®))~™ is absolutely continuous on [t1,ts]. Thus, the fundamental

theorem of calculus may be applied to the integral (3.10)).
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Beyond this step, the remainder of the proof is unchanged, including the
variational arguments used to improve the bound in the inequality.

Lastly, the result when f is nonnegative and r = 0 follows by the same
reasoning. In particular, since feA(t) is absolutely continuous, the funda-
mental theorem of calculus may be used to write

dt

1

/t2 i(feA(t)) dt = f(z(ta), t2)e ™) — f(x(t1), t1)e ™).
t
O

Finally, we state and prove a related result, which will be useful in
applications.

Theorem 3.2 (General Harnack inequalities III, [5]). Let © be an open
convex set in R, Suppose a function f defined on Qr satisfies (F1)-(F3)
and that the inequality

of +af < _ClviP

ot fr
holds for some constants C > 0, p > 1, r € R and for some function
a€ Li (0,T), where g—{ and V f are interpreted in a weak sense. Then, for

loc

all 1,29 €E QL and 0 < t1 <ty <T':
(i) if r =p—1, then

a.e. in Qr (3.11)

eAltr) Slzg—ay T
f(w27t2) < mf(l‘l,tl)e(wﬂfl)q :

(ii) if r > p—1, then

Flant)] ™ > o)
T9,ta)| ZTX
emAliz) (3.12)

;1
(f(xh t1)™" — mél|zg — xl|Q[1—qemA(t1)> ™
and if the quantity inside the large parentheses is nonnegative, then
eA(tl)
f(xg, t2) < mf(l‘l, t1)><
(1 — m&|wg — a1 |79 f (1, 1)) ™A 0) 5

(i1i) if r < p—1, then

1

eAlt1) |m| & |y — o1 |91\ Tl
flaa,t2) <~ flant) <1 + [f(xbtl)]melmlA(tl)>

where the quantities ¢, m, &, A, and I are defined as in Theorem[1.1]
Moreover, if f is nonnegative on Qpr and satisfies (3.11)) with r = 0,
then

Alt) e _ pqlagia
[f(m,t2)]lm|§<ZA(t2)> (mm,m]m+‘m'5'jfn|,4(ff)' )

forallxi,20 € Q and 0 < t; <ty <T.

I
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PRrROOF. The proof once again follows from the arguments of Theorems
and so we summarise the main changes. We first add the quantity
(Vf) - W — %]qﬁW!q to both sides of the inequality (3.11]), where as before,

r\1/P
o= (;%) and W is a continuous vector field on €2. By a similar argument

to that used to prove Theorem the right-hand side of the resulting
inequality will be nonpositive a.e. in Q. Thus, we obtain
o af (V)W - efETWE <0, (3.13)

As per the previous proofs, let  be a continuously differentiable curve
in Q defined on [t1,to] with 0 < t; < t9 < T. By choosing W = i in
we reach

af . m—+11,..1q9
S (V) dtaf €,
where again we have let m 4+ 1 = ﬁ. As justified in the proof of Theorem
we may apply the chain rule to obtain
Y oar<ermap

The remainder of the proof follows the arguments of Theorem with
the inequality signs reversed and —¢& replaced by £. In addition, the fun-
damental theorem of calculus may be applied as in the proof of Theorem
As well, the variational arguments used to improve the bounds in the
integrals still apply.

We also note one difference in the final form of Theorem compared
with Theorems and We see that in the case (ii) m > 0, we may now
only take the —m™ root of both sides of inequality if the quantity in
large parentheses is nonnegative. This was not an issue in the corresponding
result in Theorems and [3.1] since here, both terms in the parentheses
were guaranteed to be positive. However, this does not remain true after
exchanging —¢ and &.

Finally, a similar argument applies to prove the result in the case when

f is nonnegative and r = 0.
O



CHAPTER 4

Applications to Nonlinear Evolution Equations

In this chapter, we apply the theorems from Chapter [3|to obtain Harnack
inequality results pertaining to the three significant examples of parabolic
equations introduced in Chapter Throughout, we work on the domain
R4 := R4 x (0,7).

4.1. THE HEAT EQUATION

We now demonstrate the calculation used in the proof of Theorem [I.1]to
verify the Harnack inequality (1.9)) derived by Li and Yau [27] for positive
solutions u to the heat equation

u = Au in R%.
In [27] the gradient estimate

Vul2  w  d o
- < = n R 1.8
was derived. By rearranging this inequality, we have that

ou d |Vul?

2oy D> 4.1

ot Tt T Ta (41)
which is of the form (1.13)) with a(t) = 2%, C=1,p=2,and r = 1. Since
r=p—1, case (i) of the proof is relevant to this calculation.

As before, let ¢ : R% — R and W : R — R be continuous functions.
Then, we obtain from (4.1) that

1 2 1
Choosing ¢ = (%)1/ 2 the right-hand side of the last inequality can be ex-
pressed as

2 |Vul? B u 1
u

(Vu)- (5w + 5 (5) e (12)
2 AR 2 \2 ' '
Young’s inequality (3.1) with p = ¢ = 2, Y = Vu, and Z = (§)W yields
that

|Vul? 1 (u)2 9 u

S (5) WP = (V- (W)

2 Talg) WF=(u-(5
Using this result and the nonnegativity of u, we conclude that the quantity
(4.2) is nonnegative and hence

—+—u—(Vu)-W+%|W|2 > 0. (4.3)

25
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Now, let (z1,t1), (z2,t2) € R be arbitrary and let (t) be a C! path in
R¢ with x(t1) = 1 and 2(t2) = z2. By the chain rule,

d . ou
%u(m(t),t) = (Vu) - (2(t)) + re

Inserting this result into (4.3|) with W = —&, we have that

du d U .9

kel 13?2 >

dt+2tu—|—4|x\ >0
ldﬂ+i> 1‘-‘2
wadt 2t = 4"

Integrating with respect to t from ¢; to ta produces

kg@@%@»+gkg<“>z—i/”uﬁn%ﬁ+kgw@hh»

tl t1
We optimise this inequality by minimising the integral % fttf |&(t)|? dt. This
minimisation problem is of the form described in Corollary with ¢ = 2.
Therefore, the integral has minimum value

w2 — @1]?
2ty —t1)

Hence,

t _ 2
) > 22 ml e, 1),

log(u(w2,t2)) + glog < 4(ta — t1)

t1
By exponentiating and rearranging, we obtain the inequality of Li and Yau,

t |zg—1|?

/2
u(x, t2) > u(x1,t1) <752> e At2—t1)

which holds for all 21,20 € R and 0 < t; <ty < T.

4.2. THE Porous MEDIUM EQUATION

Let M > My(d) := max{0,1— 2} and let u be a positive solution of the
porous medium equation,

0
8—1; = A(u™) in R4
Considering first the case M > 1, we make the change of dependent variable,

f = (e

M-1
Then,
Of _ df ou _ df \ . m
ot  duot duA(u )
By writing

AWM = MuM 1 Au+ M(M — 1)uM 2| Vu|?

= (M —1)fAu+ (M — 1)%;%42
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we have that

of df \ df
R AR AR

— (M- 1)f£Au (M= 1)V
Then, using 7~ YAy =Af — J;\Vu]z, it follows that
of 2 d? 2
OF — (M= 1)fAf + (O - DIVFP— (1 1) 5 v

It is easily verified that

4
(M = 1)f =5 Vul* = (M = 2)M*u*" | Vul?.

Recognising that M?2u?M~4|Vu|? = (%)2 |Vu|? = |V£|? and simplifying,
we arrive at the equation satisfied by f, which is
of
o
These calculations are justified in a rigorous sense, since positive solutions
of the porous medium equation with positive and continuous initial data are
known to be smooth [34].
To proceed further, we require the following significant and crucial in-
equality proven by Aronson and Bénilan [3].

= (M- 1fAf+ VS (4.4)

Lemma 4.1. Let M > My(d) := max{0,1— 2} and u be a positive solution
of the porous medium equation,

0
8%‘ =A@WM)  inRE.
Define
M, M—1
log u M=1.
Then
—k 1
Af > —, ki=————-. (4.5)
¢ (M —1+2)
By multiplying (4.5)) by (M —1)f, we get that
k(M —1
(- njapz MY,
Then by (4.4]),
of 1k
B (4.6)
Let p:= (M 1)k and 6 := 1 — . Inequality ([4.6) is of the form |-D
with a(t) = &, C =1, p =2, r = 0. With the goal of applying Theorem
we calculate he remaining quantities appearing in this theorem as
1 5 — 9
qgq=2, m=-1, ¢ A(t) = log(t'), [=-"-——. (4.7)

S 5
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Inserting this information into inequality ((1.14]), we obtain that f satisfies

t1\" Slzg — 21 1
zo,t0) > [ = z1,t) — —= Ll
fent) > (5) ot - S5
forall 1,20 € R*and 0 < t; < ta < T. Finally, writing this in terms of the
original variable u, we arrive at the resulting Harnack inequality,

- x—x12
a1 > (1) [ttt - MR RE L] )

Next, we treat the case My(d) < M < 1. Our previous definition of
f= MM M=1 s no longer appropriate, since the coefficient MM 7 and hence
also f are now strictly negative. Thus, Theorem [I.1] cannot apply. Instead,

define

M
uM-1
1-M
which will be nonnegative. By a similar process to that conducted above, g
satisfies the equation

9%
ot
Observe that g = —f and recall the inequality of Aronson and Bénilan [3],

Af > —%. Using the homogeneity of the Laplace operator and rearranging
the inequality, we have that

g:=

= (1—- M)gAg — |Vg|? in R%. (4.9)

Ag < % (4.10)

where k is defined as in Lemma [4.1] Multiplying (4.10) by (1 — M)g > 0
and inserting the result into (4.9)), we have that

dg (M —-1)k

ot t 7
This inequality is of the form (3.11]) with a(t) = M, C=1,p=2, and
r = 0. We find that the remaining quantities required to apply Theorem
coincide with those given in (4.7)) from the case M > 1. Applying this
theorem, we obtain that g satisfies

1) ‘1'2 — I |2 1:|

ty “[
To,t9) < | — x1,t1) +
g(z2,12) <t2) g9(z1,t1) A — 1)

for all 21,22 € R? and 0 < t; < to < T. Writing this in terms of u, we have

— 16|z — 21)?
[u(za, t2)|M ! < <2) [[U(wl,tl)}M_l - MM 1(1(;2; _t;;|) tH .

Since both sides of the above inequality will be strictly positive, we may
take their reciprocals in order to obtain a lower bound for [u(z2,t2)]' =M.
We prefer this form of the inequality to better show the analogy with (4.8)).
Doing this, we obtain

" B M—l&’xz—l'l‘Q 1 -
1-M 5 (12 M-1_ i
a7 > ()" |futor, ) M- d) B

for all xq1,29 € Réand 0 < t; < tg < T , which is the result claimed in
Theorem [L.31

< —|Vg|*.
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4.3. THE P-DIFFUSION EQUATION

Let 2d1 < p < oo and suppose that u is a positive weak solution of the
p—dlffusmn equation,

E;u = div(|Vul[P~2Vu), in RE.
By this, we mean that u € VV&SO((O T), L2 (RY) N Lfoc((O,T),VVlo’f(Rd))
satisfies
—/T/ (%—yv \”_QVV)d dt =0 (4.11)
e Uy u uVe) dedt = :

for all test functions ¢ € C°(R4). We aim to find a Harnack inequality
satisfied by wu.

For p > 2, let
1 -2
f = 7u’ya v = b
g p—1
Proceeding formally, we have that
g df ou
ot dt 8t
_ 4

T div(|Vu[P~2Vu)
= o (v div(|Vul[P~2Vu)).
Then, we see that

div([Vf[P*V )

(2 s
5 [<‘”) e
(&) (morie) 2z ()

5 Ou
o,

@ @
i M& i M&
— —

[Vul?™

(AN 2 2 ’ df\"* d*f
= <du> div(|VulP™*Vu) + |VulP~ Z ( > (p—1) (du) 3
= <df) div(|VulP~ 2Vu) + |VulP(p—1) (df>p : d°f
- \du du du2

U

L div(|Vul|P 2 Vau) — v 2| VulP
Hence, we have

%{ =7 div(|V P2V f) +u' 2| VaulP.

Noticing that ¥ = v f and
VP = u(v—l)p’vu‘p — uV_QIVu\p,



4. THE P-DIFFUSION EQUATION 30

we have that the equation satisfied by f is

O A F A2V ) + IV 11 (4.12)

Now, a weak solution u of the p-diffusion equation only belongs to the
space C1*(R%) in general [13]. A definition of this space may be found in
Chapter Thus, the above computations are merely formal. In order to

study this problem rigorously, we must understand what is meant by a weak
solution of (4.12). To do this, we propose the following definition.

Definition 4.1. Let 1 < p < oo and v € R. Then, we call a function
fe L (REYNIE ((0,T), W,hP(R?)) a positive weak solution of

loc loc loc
0
5F =TIV VAP iR E12)

if f > 0 and f satisfies

T ago T
/ fa d:cdt—fy/ / fIVFP2V Ve dzdt

T
—i—(l—fy)/ / IVfPe dedt =0
0o Jrd
for all ¢ € C°(R%).

To demonstrate that this notion of a solution is sensible, we show that
for any positive weak solution w of the p-diffusion equation, f = %u'y sat-
isfies our definition. To achieve this, we require some properties of weak
solutions to the p-diffusion equation, which we summarise without proof in
the proposition below.

Proposition 4.2. Let u be a positive weak solution of the p-diffusion equa-
tion. Suppose that ug := u(-,0) € LY(R?). Then, the following properties
hold.
(i) (Existence of weak time derivative, [7]): u is weakly differentiable
with respect to time and

ou
E € L%OC(R%);

(i) (Gradient regularity), [2]): One has that
Vu(t) € (L(R?))?
for allt > 0;
(iii) (L'-L>° estimate, [12]): There exists a constant C > 0 such that
[u(t)[loo < Ct™*|Juoll{"

for allt > 0, where a1 and 1 are constants depending on d and p.
Thus, u(t) € L=®(R%) for all t > 0.

First, we note that since u > 0, for every K CC R?, there exists a con-
stant ¢ > 0 such that v > ¢k a.e. on K. Then, since the L'-L> estimate
(iii) from Proposition implies that u(t) € L>°(R?) for all ¢ > 0, it follows
that f = %u”/ € L (R%). Similarly, we have that u(t)?~! € L>®(R%) for all

lo
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t > 0. Combining this with Vu(t) € (L*°(R%))? from (ii) in Proposition
we see that

VE(t) = u(t)" ' Vu(t) € (Lig(RM)? — (L}, .(R))?
for all t > 0. Thus, f € LS (R%) N LY ((0,T), W,-P (R%)).

loc

Now, in order to write Vf = V(,lyzﬂ) = w’"'Vu in the step above,
we required the chain rule. To justify this, we first observe that for any
K cc ]R%, there exist constants 0 < cx < ¢j; < oo such that cx < u < ¢
a.e. on K. Then, the function G(s) := %37 is continuously differentiable
with bounded derivative G’ on the interval [c, ¢ | for all v € R. Extending
G to all R in such a way that G(0) = 0, the continuous differentiability of G
is preserved, and the boundedness of G’ is preserved, we may conclude by
Proposition 9.5 in [11] that

gt 7188?, V(%u'y) =" V.
Next, we fix p € C°(R%) and insert f = qu into the right-hand side

of (| - to obtain
T 90 T
/ 2 dxdt — / / fIVFP2V Ve dzdt
0 Rd

T
+(1—7)/ [ vsre dsas
0 Jrd
1 T T
—/ / uVaﬁ dxdt—’y/ / W VulP A VuVe dr dt
YJo Jre Ot 0 Jrd
T
—(7—1)/ / 2| VulPo da dt
0 JRrd
1 [T T
:/ / uwaﬁ dxdt/ / \Vu|P2VuV (u? ) dadt,
vJo Jre Ot 0 Jrd

where here we have used the chain rule and the product rule to obtain the
last equality. The chain rule is justified as before. To justify the product rule,
we let w := supp p CC R% and observe that w'=1 ¢ € L%®(w) N WP (w).
Then, by Proposition 9.4 in [11],

V) =V e +u Ve

Since all the terms in the above equation are identically zero on ]R% \ w,
the product rule is still valid when we extend the domain of these functions
from w to R%.

Using the chain rule and integrating by parts twice, we rewrite the fol-
lowing integral.

1 (T
/ / u'ya—(’p dedt = / / G- Lo dadt
vJo Jra Ot Rd

/ Ugy (u7 Lp) dedt.
Rd

Here, we have also used the existence of % in the weak sense (Proposition

(1)) to write the integral in the intermediate step. Thus, the expression

(yu?) =
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obtained from the right-hand side of (4.13)) is equal to

T T
/ ug(u'“l(p) dxdt—/ / \VulP2VuV (u' L) dedt.  (4.14)
0 Rd 8t 0 R4

It now remains to show that the expression (4.14]) is equal to zero. Set
Y= uY "1y and write (4.14) as

/w u%f d(z,t) — /w VulP-2Vuve d(z,¢). (4.15)

Since we know from earlier that «7~1 € L (R%) and ¢ € L>®(R%), we have
that ¢ = u" "'y € L®(w) C L'Y(w). As well, using the product rule and
chain rule,

oY ou _10¢

- — = 12X

ot AT
The functions u7~2 and w?~! both belong to L (R%), %—? € L% _(R4) by
(i) in Proposition and o, %—f € L*(R%). Thus, %—f € [*(w) C L' (w).
Similarly,

(y—Du'™?

Vi = (v — D)u" " 2(Vu)p +u " V.
Repeating the previous argument, instead using that Vu € L{° (RdT) by

loc

(ii) in Proposition we have that Vo € (L®(w))? C (L'(w))%. Thus,
¥ € WhH(w). However, since ¢ = 0 on R% \ w, we may conclude

¥ € W (RE) = O (R W
Hence, there exists a sequence (p,)n>1 in C°(R%) such that 1, — 1 in
WLL(R4). This implies that

0 0

gt” — aif in L'(RE), Vi, — Vo in (L'(R$))%
Additionally, since w C R, these convergences occur in L*(w) and (L' (w))?

respectively as well.
Now, since ¥, € C°(R4), the definition (.11)) of u as a weak solution
of the p-diffusion equation implies

T aw T
/ / U d:rdt—/ / \VulP~2VuVi, dzdt =0
0 ]Rd 8t 0 Rd

for all n > 1. Since %—Z’, Vi, are both identically zero on R% \ w, we may
rewrite this as

/uagff d(z,t) —/ |Vu|P2VuVip, d(z,t) =0

for all n > 1. Since u € L>®(w) and |Vu[P~2Vu € (L>®°(w))?, we may use the
duality L™= (w) = (L' (w))’ to write

0 _
(u, %nml — (| VulP2Vu, Vi) oo 11 = 0.
Taking a limit as n — oo in both sides, we obtain
N

(u, ahm,p — <|Vu|p_2Vu, V) peo 11 =0,
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which is equivalent to (4.15)) being equal to zero. This concludes the proof
of our claim that f = %u” satisfies Definition .

Remark 4.1. In existing literature, for example, the work of Esteban and
Vézquez [15], [16], a weak solution of (4.12]) has been understood as the limit
as € — 0 of a sequence of solutions to the regularised equation

OF o F div(pe(V )V F) + 0e(V 1) (4.16)

ot
where @, and 1. are smooth approximations of the nonlinearities in the orig-
inal equation. The solutions of enjoy the property of being smooth,
however this property is not in general transferred to the solutions of
obtained in the limit. For our purposes, we require a more explicit under-

standing of the regularity properties of the solutions, hence, we introduce
Definition K11

We now return our attention to deriving a Harnack inequality for wu.
Following Aronson and Bénilan’s discovery of inequality involving so-
lutions of the porous medium equation, Esteban and Vézquez [16] found an
analogous inequality in the case of the p-diffusion equation. This result is
essential to our proof and we state it in the lemma below.

Lemma 4.3. Let 2% < p < oo and let u be a positive solution of the

d+1
p-diffusion equation,
0
8—1: = div(|Vul[P~2Vu) in RE.
Define
po At p#2
logu p=2
where v := %' Then, the inequality
K
div(|[V P2V f) > -5 2'(R%) (4.17)
holds.

In ([{.17), we write 2’(R%) in order to emphasise that this inequality
holds in the sense of distributions. By this, we mean that we interpret
T = div(|[Vf|P~2Vf) to be a distribution given by

T
(T, 0)9.9 = —/ / VP2V Ve dzdt
0 R4

for all test functions ¢ € Z(R%). For a brief explanation of the fundamental
ideas in the theory of distributions, we refer the reader to Appendix

Multiplying (4.17)) by ~f, gives
. _ K .
v Aiv(\ VPPV ) > (”t) f i Z'(RY)
Using this result with the equation (4.12)) yields that

3, K /
G- (1) moe)



4. THE P-DIFFUSION EQUATION 34

or equivalently,

of
ot

Since f, 2 Sr.IVfIP € Ll (R}), the distributions appearing in are all
regular distributions. Thus, we may interpret this inequality as holding
pointwise a.e. in RdT.

We observe that is of the form with C = 1, » = 0, and
a(t) = % Since u > 0 is Lipschitz continuous [2], f = %u” is also Lipschitz
continuous and thus satisfies the assumptions (F1)—(F3) stated in Chapter

Since m = ;&7 = —1, we may apply case (iii) of Theorem We

-1
calculate that & = % (l>q and eAl) = oI % ds = K. We must also

+< )f > |VfP  in 2'(R). (4.18)

P
calculate the value of

12) to
I — / em(P—DA®) g4 — / YK (p—1) dt,
t1 t1

which depends on the value of 1 —yK(p—1) = 2—-p)K+1 =:46. In
particular, one has
t — 19 520
r={"5 70, (4.19)
logte —logt; 6 =0.

Inserting this information into ((1.14]) gives

tl WK q l—q 7’YK
fxa,t2) > % (f(w1,t1)*§|$2*w1\ I )
Finally, using that f = %UV, we obtain the following inequality for w,

t
to

[u(ze,t2)]” > < > ([u(acl,tl)]7 — vE|wo — :U1|qll_qt1_7K> ,

for all 21,22 € R and 0 < #; < t2 <T.
We now consider the case d+1 < p < 2. For p in this range, v = p 2 <0

and therefore, f = fzﬂ is nonpositive. Thus, we redefine our transformatlon
by introducing
1
g=——u’
Y

with ~ defined as before. Importantly we have that g > 0 a.e. in R%. By a
similar derivation used to obtain (4.12)), g formally satisfies the equation

g
5 T 9 div(IVel”™ *Vg) = —|Vgl". (4.20)

Similar to our Definition of a weak solution of the equation (4.12])
satisfied by f, we understand a weak solution of (4.20) by the following.

Definition 4.2. Let 1 < p < oo and v € R. Then, we call a function
g€ L (RN LY ((0,7), WLP(R?)) a positive weak solution of

loc loc loc

)
aﬁ + vgdiv(|Vg|P~2Vg) = —|Vg|? in R4 (4-20)
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if ¢ > 0 and g satisfies

g 0y T
_/0 /Rdgat dxdt_”/o /Rd9|V9!p2Vng0 dz dt

T
+ (1 —fy)/ / IVglPe dedt =0
0 JR?
for all ¢ € C*(RE).
In particular, we note that by a similar argument used to justify Defini-
tion the function g = —%u”f will satisfy Definition
Our new change of variables was set up so that ¢ = —f. Applying the
inequality (4.17)) of Esteban and Vazquez to f and rearranging, we find that
g satisfies
K
div(|Vgl"™*Vg) < —  in 7'(R7)
where K := K(p,d) is defined as in Lemma Multiplying this result by
vg < 0, we have
. _92 7K
vgdiv(|VglP—"Vg) > —
and by using (4.20]), we see that g satisfies
0 K
S+ Tog< -V in 2'RY).
ot t
This inequality is of the form (3.11)) with C' =1, r =0, and a(t) = % As
was calculated earlier in the case p > 2, this leads to the quantities ¢ = p%l,
m=—1,&§ = %()‘1_1, eA®) = 7K and I given by ([.19). Applying case
(iii) of Theorem we have that g satisfies

in 7'(R%)

K
t1\” —q;—K
g(l‘g,tz) < <1€2> (g(xl,t1)+§|x2 —gjl|qI1 Qtl’Y >
for all 21,29 € R and 0 < t; < ty < T. Returning to the original variables
using g = —%UV, we have that

[u(we, t2)]” < <2)7K ([u(ﬂflatl)]7 —yélze — fvlqul_qtl_ﬂ() '

Finally, we may take the reciprocal of both sides of this inequality since both
sides are strictly positive. Hence, we have that g satisfies

to 7K 1 —~K -1
a2 > () (luton )] = 2€lez = 11075
for all xq1,29 € R and 0 < t; < to < T , which is the result claimed in
Theorem [T.41

Remark 4.2. The techniques used to derive Harnack inequalities for solu-
tions of the p-diffusion equation were limited to the case (f—fl <p<oo. In
our proof, this restriction arose from the fact that the result of Esteban and
Vazquez (Lemma does not hold for p in the range, 1 < p < dz—fl, which
is sometimes referred to as the subcritical range in literature. However, it is
known from the work of DiBenedetto et al. [14] that in general, a Harnack
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inequality of the form discussed in this monograph does not hold for the
solutions corresponding to p in this subcritical range.



CHAPTER 5

Harnack Inequalities and Holder Continuity

A standard application of Harnack inequalities is proving that the so-
lutions of a parabolic equation are Holder continuous jointly in space and
time. As a demonstration, we will explore the proof introduced by Moser
[29] showing that nonnegative weak solutions of the linear parabolic equa-
tion

ou "9 ou )

ot g_:l Ern <“’“($’t) a:cl) in Q7 (L9)
are locally Holder continuous in Q7. As in Chapter [I, the coefficients
ax(z,t) are assumed to be measurable functions with ag; = aj that sat-
isfy the uniform ellipticity condition . In addition, we will make use
of information about the explicit values of the constants appearing in the
proof, which has been contributed recently by Bonforte et al. [9]. However,
we first introduce some key definitions for this chapter.

Definition 5.1 (Uniform and local Hélder continuity, [19]). Let u: Q — R
be a function on a bounded set  C R%. The function v is called uniformly
Hélder continuous in € with exponent o € (0, 1) if

N TCEGI

z,y€eN |$ - y|a

zFy
As well, we call u locally Holder continuous in € if u is uniformly Holder
continuous on all compact subsets of 2.

Moreover, one may define the Hélder space C*(Q) for all nonnegative
integers k and a € (0,1) as the space of functions u € C¥(Q), such that
all k*-order partial derivatives of u are uniformly Hoélder continuous on
Q. Finally, we note that the property of being Hdélder continuous implies
continuity in the usual sense.

We require the following domains, which we define for all zg € R?, tq > 0
and R > 0:

Dr(zo,t0) :== Bagr(xo) x (to — R, to + R?)

D (o, t0) == Bpya(w0) x (to + SR* to + R?)

Dy (o, to) == Bpya(xo) x (to — 3R tg — {1 R?)
With these domains, we may state the Harnack inequality of Moser [29] by
the following.
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Theorem 5.1. Let T > 0, R € (0,V/T) and let (zg,ty) € Qr be such that
Dpg(xo,t0) C Qp. Then, there exists a constant C > 1 such that

sup w<C inf w (5.1)
DE($0,t0) DE(QUOJO)

for all nonnegative weak solutions u of (|1.6)).

We note that the constant C' in this theorem was shown in [9] to be at
least %. For more details concerning the explicit value of this constant, we
refer the reader to [9].

Next, we suppose that ' C Q C R? are bounded domains. In what
will follow, we will also assume for simplicity that £, Q' are convex domains,
although this assumption is not necessary. Then, define @ := Q x (11,Ty)
and Q' := Q' x (T3, T3), where 0 < T1 < Ty < T3 < Ty < T. Finally, we
define the parabolic distance between @ and Q' by

dQ,Q") := inf |z —y| + |t — s|V/2.
(z,t)eQ’
(y,8)€00 X [T, Tu]U{T1,T4u } X
Now, we are ready to state the main result of this section, which we formulate
as in [9].

Theorem 5.2. Suppose u is a bounded solution of (L.6)) on Q. Then
u(z, t) — u(y, s)| ( 256 >”
sup <2 . (5.2)
w0 (lz =yl + [t = s[/2)” d(Q. Q") @

where v = logd%) and C' is the constant appearing in Theorem . In
particular, this implies that u s locally Holder continuous on Q.

PRroOOF. The proof will occur in two main steps. First, we will compare
the oscillation of u on Dg(zo,t9) and D} (zo,to), resulting in an inequality
with a quantitative bound. By the oscillation of 4 on a domain, we mean
the difference of the supremum and infimum of » on this domain. Then, we
will construct a finite sequence of nested sets, on which we will iterate the
inequality found in the first step.

First, define the quantities

M := sup u, m:= inf |, w:=M—m,
DR(Io,to) DR(I(),to)
M* .= sup u, m* = iinf u, whi=MT —mt.
Dﬁ (Io,to) DR (xo,to)

By construction, the functions M — v and w — m will be nonnegative
solutions of ([1.6)) and will hence satisfy the Harnack inequality (5.1)). Thus,
one has that

M-m = sup (M-u)<C inf (M—-u)=C(M-M")
Dg(a?o,to) Dﬁ(ﬁo,to)

M~ —m= sup (u—m)<C inf (u—m)=C(m" —m)
Dy (z0,t0) DJ}:E(xovtO)

Adding these two inequalities, we obtain

M-m~ +M —m<CM-M"+mt —m).
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Using that M~ — m~™ > 0, we may write the following inequality in terms
of the oscillations w, w™,

w< Cw—wh),
which rearranges to give

Cc-1
T < 5.3
Wt S, (53)
concluding the first stage of the proof. For later use, we let { := %
Next, we let 0 := %, so that if (z,t) € Q" and (y, s) is any point in

R%, then

& —y| + [t —s|'/* <6
implies (y, s) € Q. In particular, this inequality guarantees that (y, s) cannot
be far away from the set @’. Now, for any (z,t), (y,s) € Q', one of the two
following inequalities must hold:

|z —y|+ [t —s]"? <0 (5.4)

z =yl + [t —s|"/? > (5.5)
Suppose first that (5.4) holds. Then there exists a nonnegative integer k
such that

0 )
o Syl =82 < (5.6)
Next, let z := %ﬁ and 19 := HTS We note that since we assumed that

Q' is convex, we have (z,79) € @'. Then, we construct a finite sequence of
nested domains determined by the following values for all 0 < j < k — 1.

Rj+1 = 4Rj Ry=——

t
Tjg1 = Tj — 14RJ2-, TO i= _;S

In particular, Dg,(z,7;) C DEHI(Z,TjH) and Dpr,(z, 1) C DEl(Z,Tl). In-

deed, we observe that the definition of R; implies that Bag,(2) = By Rj41)/2"
This, together with

Tiri+ 3R, =7, — 4R} + 3 16k} =7, — 2R} < 7; — R}

and

Tir1+ Ry =7, — 14R} + 16R} = 7 + 2R > 7, + R}
implies that Dg. (z,7;) C DEHI(Z,TjH) forall 0 < j < k—1. As well, using
the right inequality in (5.6)),

1 1/6 1)
o2l =3lo- vl <5 (e -t — o) < s = R

1(6 ? 5\’
|t—70\:§ @—fﬂc—y’ <\

0 — R3<t<m+R:
By repeating this process with (x,t) replaced by (y, s), we are able to con-
clude (z,t), (y,s) € Dg,(z,70). Finally, we observe that Dg, (2, 7;) C @ due
to the property obtained from the definition of §.

and

and so
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In preparation for iterating the inequality obtained in the first stage of
the proof we define the oscillations

wj:= sup wu— _inf wu,
DRj(Z,Tj) DRj(ZvTj)

wj = sup u-— +inf Uu.
D;gj (2,75) DR]_ (z,75)

By the properties of the oscillation of a function, Dg, (2, 7;) C DE],H (2, Tj4+1)
implies that
w; < W;_+1 (5.7)

for all 0 < j < k—1. Finally, by using inequalities (5.3) and (5.7 repeatedly,
we have that

lu(z,t) —u(y, s)| <wy < wf <(w < Cw; < C2w2 <...< Ckwk.

Let v := log4(%), so that ¢ = (1)”. Then, we rewrite the last inequality as

i)t < (1) = () ()

Then, applying the left hand inequality in (5.6)), it follows that

lu(z,t) —u(y, s)| < <§> (lo —y|+ |t — 8‘1/2)11%.

Finally, since

wp <2 sup  u < 2supu = 2[ullpee (),
Q

DRk (szk)
we obtain
4\" v
ute.0) )] <2 (5) Dularlo = ol +1e = 2
which implies ([5.2)).

Lastly, the result in the case when (5.5)) holds follows as a simple conse-
quence of this inequality. Indeed,
51/
[u(z, ) —uly, s)| < 2|ullre(@) = 2llullL~@) 5

x—y|+ |t — 8| /2
< Sl =S

4\" »
<2(3) Moyl = ol +1e = s

Inequality implies that u is uniformly Hélder continuous on convex
subsets Q" of ). To extend this result to all compact subsets of Q, we
recall that any compact set in ) can be covered by finitely many open balls.
Since open balls are convex sets, we may apply on each ball to obtain
uniform Holder continuity on compact sets in (), or equivalently, local Holder
continuity on Q.

O
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We end this chapter by commenting that similar proofs have been found
to demonstrate the local Holder continuity of solutions of nonlinear equa-
tions, including the porous medium equation and p-diffusion equation stud-
ied in Chapter[d] However, we note that even though Holder continuity often
follows as a consequence of a Harnack inequality, the reverse implication is
not true in general. As a counterexample, one may consider solutions of the
p-diffusion equation pertaining to the subcritical range 1 < p < %. These
solutions are known to be Hoélder continuous, but as noted in Remark
they do not satisfy a Harnack inequality similar to (5.1]) [14].



CHAPTER 6

Final Remarks

Remark 6.1 (A Note on the Assumptions of Theorems and. In
each of the general Harnack inequality theorems proven in Chapter [3] it was
always assumed that the constant C' appearing in the gradient estimates
(1.13]) and was strictly positive. Not only would the argument via
Young’s inequality in the proof break down if we allowed C' < 0, such an
assumption would not lead to a valid result. We demonstrate this by a
counterexample.

Let 1 < p < f—fl and let u be a positive solution of the p-diffusion
equation

ur = Apu in Qp,

where we take 2 to be any open convex set in R?. An inequality of Bénilan
and Crandall [8] states that

1
u < ———u in Qp. 6.1
(p—2)t (61)
Letting g := —%u'y with v = g%% and using a calculation from Section
[4.3] we know
Apu |VulP w [VulP
Ap(—g) =" - —F == -1,
P( g) U u2 U u2
Making use of (6.1]), we obtain that
1 |Vul|P 1
—Apg < — — < — .
-t W T (-2
This leads to the inequality
Apg > ———. 6.2
Recall that g satisfies the equation
0
a;j +798p9 = —[Vgl". (4.20)
Combining this with (6.2) gives the inequality
99 g
4 4> _|VgP,
ot "o = IVl

which appears to be of the form , except here C = —1 < 0. However,
Harnack inequality of the form discussed in Theorems or cannot
follow from here, since this would also imply a Harnack inequality for w.
This would contradict the result mentioned in Remark that a solution
of the p-diffusion equation for p in the subcritical range 1 < p < % does
not in general satisfy a Harnack inequality of this form [14]. Moreover,
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inequality (6.1)) can be considered as being of the form (3.11)) with C' = 0.
However, a Harnack inequality cannot follow from (6.1)) alone for this same
reason.

Remark 6.2 (The Doubly Nonlinear Equation). The porous medium equa-
tion u; = A(uM) and p-diffusion equation u; = A,u are both special cases
of a more general equation,

up = Ap(uM) (6.3)

called the doubly nonlinear equation. In particular, we may recover the
porous medium equation from by setting p = 2 and the p-diffusion
equation by setting M = 1.

In the paper of Esteban and Vézquez [16] containing Lemma the
authors concluded with a remark that their methods could be extended to
prove an analogous result for nonnegative solutions of in RdT with M
and p satisfying M(p — 1) — 14+ & > 0. Given the existence of this result,
we believe it possible to derive a Harnack inequality satisfied by solutions
of using the methods discussed in this monograph.

6.1. FUTURE WORK

We conclude by addressing some potential directions for future work.

Boundary Value Problems

In Chapter 4} we applied the theorems of Auchmuty and Bao [5] to de-
rive Harnack inequalities for solutions of evolution problems posed on the
domain R% :=R? x (0,7). Although the results of Auchmuty and Bao hold
when the spatial domain is any open convex set  in R%, we were limited
to choose = R? in our applications. This is because the derivation of an
appropriate gradient estimate of the form or depended funda-
mentally on the inequalities of Aronson and Bénilan (Lemma and Este-
ban and Vazquez (Lemma in the cases of the porous medium equation
and p-diffusion equation respectively. To our knowledge, these estimates are
only known to hold for solutions of their respective problems posed on the
full spatial domain R?. In order to extend the techniques demonstrated in
this monograph to find Harnack inequalities for solutions of boundary value
problems, one would require a suitable analogue of these results, which is
valid for such solutions.

The p-Dirichlet-to-Neumann Operator

We are interested to apply the techniques developed in this monograph
to discover Harnack inequalities obeyed by solutions of other nonlinear evo-
lution problems. In particular, we would like to investigate whether solutions
of the parabolic problem associated with the p-Dirichlet-to-Neumann oper-
ator satisfy such an inequality. We briefly describe the construction of this
operator below, which may be found in [22] along with a discussion of its
basic properties.

Let  be a bounded domain in R? with a Lipschitz continuous boundary.
Then, it is well known that for 1 < p < oo and for all boundary values
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© € WI=V/PP(9Q), there exists a unique weak solution of the p-Dirichlet
problem

—Apu=0 1inQ,
U= on 0f2.

Denoting this weak solution by Py, we formally define the Dirichlet-to-
Neumann operator A associated with the p-Laplace operator A, by
Ay = \VPg0|p*28PJ

v
for all ¢ € W1=1/PP(Q), where v is the outward pointing unit normal vector
on the boundary 9f2.

With reference to the physical interpretation of the p-Laplace operator
A, given in Section we may understand the Dirichlet-to-Neumann op-
erator A as mapping the electric potential on the boundary of a medium 2
to the outward pointing current through the boundary 9. This operator
appears in inverse problems associated with the p-Laplace operator and has
applications, for example, to medical imaging. In particular, the operator A
can be used to learn about the composition of the medium Q by detecting
regions of various levels of conductivity. For instance, the location of bones
within a body can be identified due to their lower conductivity compared
with surrounding body tissues.

An important property of the operator A is that unlike the other op-
erators discussed in this monograph, it is a nonlocal operator. By this, we
mean that the value of the function Ay cannot be determined at a point only
using the values of ¢ in a neighbourhood of that point. Instead, the function
values of Ay can only be determined if the value of ¢ is known on its entire
domain. At its core, a Harnack inequality provides a uniform estimate of
a function in a neighbourhood of a point given the value of the function at
just that one point. Hence, it can be understood as a local property of a
function. Thus, we are interested to see whether such an inequality could
hold for functions whose evolution is governed by the Dirichlet-to-Neumann
operator, given its nonlocal properties.



APPENDIX A

The Sobolev Spaces W1?(a,b) and W*(Q)

Here, we define and state some basic properties of the Sobolev spaces
WLP(a,b) and WHP(2). The results in this section will be primarily taken
from Brezis [11]. Accordingly, we adopt the same convention used in [11],

whereby f; f will be used to denote the integral f; f(z) dp(x) with respect
to the Lebesgue measure.

A.1. THE SOBOLEV SPACE W'P(a,b)

Let (a,b) be a (possibly unbounded) open interval. For every p € R
with 1 < p < oo, the Sobolev space W!'P(a,b) is the set of all functions
u € LP(a,b) for which there exists another function g € L”(a,b) such that

b b
/wp’z—/ gy
a a

for all ¢ € C°(a,b). Moreover, we denote the space W12(a,b) by H(a,b).

For v € W'P(a,b), the function v’ := g is called the weak derivative of
u. If a function u has a weak derivative, then this derivative is unique. This
is a consequence of the Fundamental Lemma of Calculus of Variations.

Lemma A.1 (Fundamental Lemma of Calculus of Variations). Let Q C RY
be open and let u € Li () be such that

/ugO:O
Q

for all p € C*(Q). Then uw =0 a.e. on S
We now collect some basic properties of the space W'P(a,b).
Proposition A.2. The space W'P(a,b) satisfies the following:
(i) For 1 < p < oo, WP (a,b) with the norm
lullwro == llullp + 141l
1s a Banach space. Alternatively, one may also define the norm by
lwllyre := (Jullb + ||/ |[5)/P and the result still holds;
(ii) WYP(a,b) is reflevive for 1 < p < oo;
(iii) WYP(a,b) is separable for 1 < p < oo.
It follows from this proposition that H'(a,b) is a separable Hilbert space
with the inner product

b
(. 0)ip = ()2 + () = [ ()
a

and induced norm
ull g = (ful3 + [lu']]3)"2.
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In general, there is no requirement that members of a Sobolev space be
continuous functions. This is especially true for Sobolev spaces of functions
on higher-dimensional domains, which will be defined later in Appendix
However, in the one-dimensional case, a function u € W1?(a,b) has a
continuous representative u, which is described below in Theorem The
existence of such a continuous representative can be rather useful, especially
for problems where continuity is necessary. In most cases, the function @ is
identified with « and no distinction is made between them in notation.

Theorem A.3. Suppose u € W'P(a,b). Then, there exists a function
€ C([a,b]) such that u =1 a.e. on (a,b) and

for all z,y € [a,b].

The proof of this theorem, as found in [11], makes use of the following
two lemmas.

Lemma A.4. Let f € L{ (a,b) be such that

loc
b
(/f¢=0
a

for all ¢ € C*(a,b). Then there exists a constant C' such that f = C a.e.
on (a,b).

Lemma A.5. Let g € L} (a,b). For yo € (a,b) fized, set
T
v(z) ::/ g(t) dt
Yo

for all x € (a,b). Then v € C(a,b) and
b b
/vdz—/gw

Some familiar rules from classical calculus have analogues for Sobolev
spaces.

Theorem A.6. Let u,v € WHP(a,b) with1 < p < co. Then uv € WHP(a, b)
with weak derivative given by

for all p € C°(a,b).

(uv)’ = v'v +un'.

The following integration by parts formula also holds
Yy x
/ u'v = u(z)v(z) — uly)v(y) — / uv’ for all z,y € [a,b].
T Yy

We now define Wol’p(a, b) to be the closure of C>°(a,b) in WP(a,b)
for 1 < p < oo. We also denote the space V[/&’Q(a7 b) by H}(a,b). The
spaces WO1 ®(a,b) enjoy many of the same fundamental properties as the
spaces W1P(a,b), specifically completeness and separability for p > 1 and
reflexivity for p > 1.
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The space I/VO1 P(a,b) can be understood via the following characterisa-
tion.

Theorem A.7. Let u € WP(a,b). Then u € Wol’p(a, b) if and only if
u(a) = u(b) = 0.

A.2. THE SOBOLEV SPACE W1P(Q)

Let Q C R? be an open set and 1 < p < co. The Sobolev space W1P(Q)
is defined as the set of functions u € LP(2) for which there exist functions
91,92, - - -, gq € LP(£2) such that

Oy
o ——/ng

for all o € C(Q2) and for all i = 1,2,...,d. For a function u € WHP(Q),

: ou .__
we write zi+ := g; and

ou Ou ou
Vui=—,5—,..., 53— LP(Q))%.
wim (gt ) € (@)
Some of the basic properties of W1P(Q) are as follows.

Proposition A.8. The space WP(Q) satisfies the following:
(i) For 1 < p < oo, WHP(Q) with the norm

ou
8902-

p

d
lullwro = lullp + )
i=1

18 a Banach space. Alternatively, one may also define the norm by
ullyre == (lulh + 3%, ||%H£)1/p and the result still holds.

(ii) WLP(Q) is reflezive for 1 < p < oo.

(i) WP(Q) is separable for 1 < p < oo.

We also define the space VVO1 P(Q) as the closure of the test functions
CX(Q) in WLP(Q).



APPENDIX B

Minimisation of Convex Functionals

Let V be a vector space and E : V — (—00,+00]. The functional FE is
called convez if for all z,y € V and A € [0, 1],

EQz+ (1= Ny) <AE(z)+ (1 —NE(y).

If the inequality is strict for A € (0,1), then E is called strictly convez.
We are interested in solving minimisation problems of the form
min F(x),
zeV ( )
where (V|| - ||v) is a reflexive Banach space and E : V — (—o0,+o0] is a
convex functional. To this end, we briefly discuss some other assumptions
that must be placed on the functional E to ensure the existence of a min-
imum, namely coercivity and lower semicontinuity. These results shall be
taken from [4].
A functional E : V' — (—o0, +00) is called coercive if
lim E(z) = +oc.
llz||v—o0
Proposition B.1. Let V' be a normed vector space and E : V — (—o00, +00].
Then E is coercive if and only if for every ¢ € R, the sublevel set

E.:={z eV |E) <c}
is bounded.
A functional E : V — (—o0, +00] is called (sequentially) lower semicon-

tinuous on V if for all x € V and for all sequences (x,), in V such that
T, — T as n — 0o, one has that

E(z) < liminf E(x,).

n—o0

Proposition B.2. Let E: V — (—o0,+00] be a proper convex lower semi-
continuous functional. Then E is weakly lower semicontinuous on V', that
is, if tp, = x inV as n — oo, then

E(z) < liminf E(x,).
n—oo
More general minimisation principles often rely on the space V' having

some sense of compactness. In our context, V will be a reflexive Banach
space, so this requirement is handled by the following result.

Proposition B.3. Every bounded sequence in a reflexive space V' contains
a weakly convergent subsequence.

We are now ready to state the main theorem of this section.
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Theorem B.4. Suppose that (V)| - ||v) is a reflexive Banach space and let
E :V — (—o00,400) be a proper convex, lower semicontinuous and coercive
functional. Then there exists xg € V such that

E(z¢) = min E(x).
eV
Moreover, if E is strictly convex, then the minimiser xg is unique.

After establishing the existence of a minimum of a convex functional
E, we would like to determine for which element(s) z € V this minimum
is attained. In order to characterise the minimiser(s) z, we introduce the
subdifferential of F.

For a functional E : V' — (—o0, 00|, the subdifferential of E at a point
x € V is defined as

OE(x):={v' e V' | E(y) — E(x) > (V',y —x)yry forally € V},

where V' denotes the dual space of V. The following proposition is a simple
consequence of this definition.

Proposition B.5. Let E : V — (—o0,+00| be a functional. Then a point
x € V minimises E if and only if 0 € OFE(x).

The subdifferential of a functional E at x may in general contain more
than one point, or even be empty. However, if F is Gateaux differentiable
at x, then OE(x) becomes single valued [33].

Proposition B.6. Let E : (—o0o, +00] be convexr and Géteaux differentiable
at x. Then OE(z) is a singleton and OE(x) = {E'(x)}, where E'(z) denotes
the Gdteauz derivative of E at z as defined in Chapter |3,

Combining the results of Propositions and [B.6] we have that if E
is convex and Gateaux differentiable at its minimiser x, then it is forced
that E'(z) = 0. This is analogous to the equivalent statement from classical
calculus.



APPENDIX C

Absolutely Continuous Functions

A crucial assumption in Theorems and is that the function f
is absolutely continuous. Hence, we summarise some basic properties and
results involving absolutely continuous functions. Unless noted otherwise,
the following may be found in [26].

Let I C R be an interval. A function u : I — R? is called absolutely
continuous on I if for every ¢ > 0 there exists 4 > 0 such that

D lu(bi) = ulai)| < e
=1

for every finite number of non-overlapping intervals (a;,b;), ¢ = 1,...,n,
such that [a;,b;] C I and

n

i=1
Equivalently, we may replace n by oo in this definition. We also note that
by taking n = 1 in this definition, it follows immediately that an absolutely
continuous function w is uniformly continuous on I. However, the converse
is not true in general. Similarly, it is an immediate consequence of the
definition that any Lipschitz continuous function on I is also absolutely
continuous on I.

The next propositions provide some frequently used examples of abso-

lutely continuous functions.

Proposition C.1. Let u,v : I — R be absolutely continuous on a bounded
interval I CR. Then, u 4+ v and uv are absolutely continuous on I. If v is
positive on I, then 3 is also absolutely continuous on I.

Although the composition of two absolutely continuous functions is not
absolutely continuous in general, we do have the following result.

Proposition C.2. Let I C R be an interval and u : I — R? be absolutely
continuous on I. If f : R — R is Lipschitz continuous, then f o w is
absolutely continuous on 1.

Proposition C.3. Let I C R be an interval and v : I — R% be a Lebesque
integrable function. Fix xq € I and set

u(z) = / o(t) dt

for all x € 1. Then w is absolutely continuous on I with u'(x) = v(x) for
a.e. x € 1.
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A main motivation for introducing the notion of absolute continuity is
that it characterises the set of functions for which the fundamental theorem
of calculus holds for Lebesgue integration.

Theorem C.4 (Fundamental Theorem of Calculus, [26]). Suppose a func-
tion u: I — R is absolutely continuous on I. Then
(i) u is continuous in I;
(i) w is differentiable L'-a.e. in I with derivative v’ € LL (I,R%);
(iii) the fundamental theorem of calculus holds, that is,

T

u(x) = u(zo) +/ u'(t) dt

o
for all x,xg € I.
Conversely, if a function u : I — RY satisfies conditions (i) — (ii4), then u
s absolutely continuous on I.

The concept of absolute continuity also allows one to state the chain rule
under weaker hypotheses than are required in classical calculus. In order to
describe this result precisely, we first introduce the s-dimensional Hausdorff
measure on R? as defined in [18]. This measure is particularly useful for
measuring sets of lower dimension in R?, which have Lebesgue measure zero.

Let ACR?Y 0<s<o00,0<6< o0, and

H3(A) := inf {iw(dar;c‘) |AC fj C;, diam C; < 5}
=1 =1

where wg 1= ”5/25 is the Lebesgue measure of the unit ball in R® and
Ir'(1+3)

diam C; := sup |z — y|
x:yeci

is the diameter of the set C;. Then, define

HP(A) := lim H5(A) = sup Hi(A).
6—0 §>0

We call #¢ the s-dimensional Hausdorff measure on R?. In the case s = d,
the d-dimensional Hausdorff measure on R? coincides with the Lebesgue
measure on RY,

In addition, we say that a set A C R? has the null intersection property
if the intersection of S with the image of any absolutely continuous curve
w: I — R%is a set of %! measure zero. We now state a version of the chain

rule holding under weaker assumptions, which is originally due to Marcus
and Mizel [28].

Theorem C.5 (Chain Rule). Let u : I — R? be absolutely continuous and
denote the image of u by Ty, := u(I). Let f : R? — R be a function such
that
(i) the set of points at which f does not have a total derivative has the
null intersection property;

(i1) V f(u) - @ satisfies
/I|Vf(u) u| dt < oo;
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(iii) f is absolutely continuous on all continuously differentiable curves
u:l— R
Then f|1, is absolutely continuous on T,. In addition, the composition
g := fou is absolutely continuous on I and the chain rule holds, that is,

g=Vf(u)-u a.e. in I.
Here, the expression V f(u) - a4 = V f(u(t)) - u(t) is interpreted to be zero
whenever . = 0, even if [ is not differentiable at u(t).

We remark that it was shown in [28] that any locally Lipschitz contin-
uous function f : R? — R satisfies assumptions (i) and (iii) of Theorem
(O



APPENDIX D

Distribution Theory

We briefly summarise the most important notions and examples from
the theory of distributions [1], which we use throughout this monograph.

Let © be a domain in RY. We say that a sequence (¢y,)n>1 in C°(9)
converges in the 2(§) sense to ¢ € C°(Q) if the two following conditions
hold:

(i) there exists K CC 2 such that supp(¢, —¢) C K for every n > 1;
(ii) limy—00 D%p(z) = D%p(x) uniformly on K, for each multi-index
a € Ng, where

N olal
D= 0xM0xS? ... 0x5e
1 0T ... 0%y

and |o| := Zle Q.

Then, we denote by Z(2) the set of test functions C2°(Q2) equipped with the
locally convex topology 7, for which every linear functional 7': 2(Q2) — R
is continuous if and only if T'p,, — T in R whenever ¢, — ¢ in the 2()
sense. The dual space (Z(92))" of 2(Q) is called the space of (Schwartz)
distributions on € and denoted by 2'(f).

Important examples of distributions include locally integrable functions,
since every f € Ll (€) induces a distribution Ty € 2'(Q) defined by

loc
<ﬂmmw:lj@wwdw

for all ¢ € 2(Q). If there exists f € L (), which induces a given distri-
bution Ty € 2'(2), then T} is called a regular distribution. Often a regular
distribution Ty and its associated function f are identified with each other
and no distinction is made in notation. We note that not every distribu-
tion is regular. For example, assuming 0 € €2, there is no locally inte-
grable function which induces the Dirac delta function 6 € 2'(2) defined by
(0,9) 9,9 == ¢(0).

Furthermore, given a distribution T' € 2'(Q)), we may define the distri-
butional derivatives of T' by

0 0
(e Te)oo =T g )ara

(2

foralli =1,...,d. If T is a regular distribution induced by f € L{ (£2) and

loc

f has a weak derivative g := % € LL _(Q), then B%iT is the distribution cor-

loc
responding to g. Using this notion, one may understand the Sobolev space
VV;;(Q) as the space of regular distributions f such that the distributional

derivatives % are all regular distributions.
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