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#{n < x : 2™ begins with 1}

10

3




x #{n < x : 2™ begins with 1}

10 3

100 30

1000 301




x #{n < x : 2™ begins with 1}
10 3
100 30
1000 301
10000 3010
100000 30102
1000000 301029
10000000 3010299




x #{n < x : 2™ begins with 1}
10 3
100 30
1000 301
10000 3010
100000 30102
1000000 301029
10000000 3010299

log192 = 0.30102999566398 . ..
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In base four one can express all the integers in terms of the four digits 0, 1,

1, and 2; here 1 is a convenient abbreviation for —1.
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In base four one can express all the integers in terms of the four digits 0, 1,
1, and 2; here 1 is a convenient abbreviation for —1. In automata speak: the

set Z of all integers coincides with the language of all words on the symbols
0,1, 1, and 2.
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Integers in Base Four'

In base four one can express all the integers in terms of the four digits 0, 1,
1, and 2; here 1 is a convenient abbreviation for —1. In automata speak: the

set Z of all integers coincides with the language of all words on the symbols
0,1, 1, and 2.

For examples, 21211 (= 477) and 12111 (= —117).
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An awful problem . ..

Integers in Base Four'

In base four one can express all the integers in terms of the four digits 0, 1,
1, and 2; here 1 is a convenient abbreviation for —1. In automata speak: the

set Z of all integers coincides with the language of all words on the symbols
0,1, 1, and 2.

For examples, 21211 (= 477) and 12111 (= —117).
Now consider the subset £ of 7Z omitting the digit 2;
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1, and 2; here 1 is a convenient abbreviation for —1. In automata speak: the

set Z of all integers coincides with the language of all words on the symbols
0,1, 1, and 2.

For examples, 21211 (= 477) and 12111 (= —117).

Now consider the subset £ of Z omitting the digit 2; in other words, the
language of all words on just the symbols 0, 1, and 1 interpreted as integers

in base four.
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An awful problem . ..

Integers in Base Four'

In base four one can express all the integers in terms of the four digits 0, 1,
1, and 2; here 1 is a convenient abbreviation for —1. In automata speak: the

set Z of all integers coincides with the language of all words on the symbols
0,1, 1, and 2.

For examples, 21211 (= 477) and 12111 (= —117).

Now consider the subset £ of Z omitting the digit 2; in other words, the
language of all words on just the symbols 0, 1, and 1 interpreted as integers
in base four. Our problem is this:
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Integers in Base Four'

In base four one can express all the integers in terms of the four digits 0, 1,
1, and 2; here 1 is a convenient abbreviation for —1. In automata speak: the

set Z of all integers coincides with the language of all words on the symbols
0,1, 1, and 2.

For examples, 21211 (= 477) and 12111 (= —117).

Now consider the subset £ of Z omitting the digit 2; in other words, the
language of all words on just the symbols 0, 1, and 1 interpreted as integers

in base four. Our problem is this: can every odd integer be written as a
quotient of elements of L7
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Integers in Base Four'

In base four one can express all the integers in terms of the four digits 0, 1,
1, and 2; here 1 is a convenient abbreviation for —1. In automata speak: the

set Z of all integers coincides with the language of all words on the symbols
0,1, 1, and 2.

For examples, 21211 (= 477) and 12111 (= —117).

Now consider the subset £ of Z omitting the digit 2; in other words, the
language of all words on just the symbols 0, 1, and 1 interpreted as integers
in base four. Our problem is this: can every odd integer be written as a
quotient of elements of L7

The matter is troublesome.
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Integers in Base Four'

In base four one can express all the integers in terms of the four digits 0, 1,
1, and 2; here 1 is a convenient abbreviation for —1. In automata speak: the

set Z of all integers coincides with the language of all words on the symbols
0,1, 1, and 2.

For examples, 21211 (= 477) and 12111 (= —117).

Now consider the subset £ of Z omitting the digit 2; in other words, the
language of all words on just the symbols 0, 1, and 1 interpreted as integers

in base four. Our problem is this: can every odd integer be written as a
quotient of elements of L7

The matter is troublesome. For instance, given an odd integer k it is not at all
obvious how to find a nonzero multiplier m in £ so that also km is in L.
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An awful problem . ..

Integers in Base Four'

In base four one can express all the integers in terms of the four digits 0, 1,
1, and 2; here 1 is a convenient abbreviation for —1. In automata speak: the

set Z of all integers coincides with the language of all words on the symbols
0,1, 1, and 2.

For examples, 21211 (= 477) and 12111 (= —117).

Now consider the subset £ of Z omitting the digit 2; in other words, the
language of all words on just the symbols 0, 1, and 1 interpreted as integers

in base four. Our problem is this: can every odd integer be written as a
quotient of elements of L7

The matter is troublesome. For instance, given an odd integer £ it is not at
all obvious how to find a nonzero multiplier m in £ so that also km is in L.

Indeed, the only method we found is not an algorithm at all:
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An awful problem . ..

Integers in Base Four'

In base four one can express all the integers in terms of the four digits 0, 1,
1, and 2; here 1 is a convenient abbreviation for —1. In automata speak: the

set Z of all integers coincides with the language of all words on the symbols
0,1, 1, and 2.

For examples, 21211 (= 477) and 12111 (= —117).

Now consider the subset £ of Z omitting the digit 2; in other words, the
language of all words on just the symbols 0, 1, and 1 interpreted as integers
in base four. Our problem is this: can every odd integer be written as a
quotient of elements of L7

The matter is troublesome. For instance, given an odd integer £ it is not at
all obvious how to find a nonzero multiplier m in £ so that also km is in L.
Indeed, the only method we found is not an algorithm at all: it happens

always to work, but there’s no good a priori reason why it must work.
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Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left.
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Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left. We see respectively that £ = 477 has a
multiplier 11111 (= 181) and that 2111 (= 117) has the multiplier 11101
(=175) in L.
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Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k£ or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left. We see respectively that £ = 477 has a
multiplier 11111 (= 181) and that 2111 (= 117) has the multiplier 11101
(=175) in L. The digits on the right seem to take care of themselves.
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An awful problem . ..

Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k£ or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left. We see respectively that £ = 477 has a
multiplier 11111 (= 181) and that 2111 (= 117) has the multiplier 11101
(=175) in L. The digits on the right seem to take care of themselves.

21211 =+
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An awful problem . ..

Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k£ or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left. We see respectively that £ = 477 has a
multiplier 11111 (= 181) and that 2111 (= 117) has the multiplier 11101
(=175) in L. The digits on the right seem to take care of themselves.

21211 =+
21211
112121
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An awful problem . ..

Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k£ or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left. We see respectively that £ = 477 has a
multiplier 11111 (= 181) and that 2111 (= 117) has the multiplier 11101
(=175) in L. The digits on the right seem to take care of themselves.

21211 =+
21211

112121
21211

1102001

CENTRE FOR NUMBER THEORY RESEARCH, SYDNEY



An awful problem . ..

Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k£ or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left. We see respectively that £ = 477 has a

multiplier 11111 (= 181) and that 2111 (= 117) has the multiplier 11101
(=175) in L. The digits on the right seem to take care of themselves.

21211 =+
21211
112121
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1102001
21211
11101121
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An awful problem . ..

Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k£ or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left. We see respectively that £ = 477 has a

multiplier 11111 (= 181) and that 2111 (= 117) has the multiplier 11101
(=175) in L. The digits on the right seem to take care of themselves.

21211 =+
21211
112121
21211
1102001
21211
11101121
21211
111011001
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An awful problem . ..

Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k£ or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left. We see respectively that £ = 477 has a

multiplier 11111 (= 181) and that 2111 (= 117) has the multiplier 11101
(=175) in L. The digits on the right seem to take care of themselves.

21211 + 2111 =+
21211
112121
21211
1102001
21211
11101121
21211
111011001
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An awful problem . ..

Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k£ or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left. We see respectively that £ = 477 has a

multiplier 11111 (= 181) and that 2111 (= 117) has the multiplier 11101
(=175) in L. The digits on the right seem to take care of themselves.

21211 + 2111 =+
21211 2111
112121 11201
21211
1102001
21211
11101121
21211
111011001
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An awful problem . ..

Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k£ or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left. We see respectively that £ = 477 has a

multiplier 11111 (= 181) and that 2111 (= 117) has the multiplier 11101
(=175) in L. The digits on the right seem to take care of themselves.

212711 + 27111 +
212711 27111
112121 a 11201 a
212711 27111
1102001 a 110021 a
212711
11101121
2712711
111011001
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An awful problem . ..

Roughly, the strategy at each step in the computations below is to multiply
by 4 and to add or subtract k£ or to do nothing, all the while ensuring that no
digit 2 remains trapped on the left. We see respectively that £ = 477 has a

multiplier 11111 (= 181) and that 2111 (= 117) has the multiplier 11101
(=175) in L. The digits on the right seem to take care of themselves.

212711 + 27111 4
212711 27111
112121 a 11201 a
212711 27111
1102001 a 110021 a
212711
- 1 0
11101121
2712711 27111
111011001 11000011
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An awful problem . ..

S-8§=CL

Now denote by & the set of integers which can be written in base four using
just the digits 0 and 1, and for n =0, 1, 2, ..., denote by §,, the subset of

words in S of at most n letters.
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S-8§=CL

Now denote by & the set of integers which can be written in base four using
just the digits 0 and 1, and for n =0, 1, 2, ..., denote by §,, the subset of
words in S of at most n letters. Our main result is that if the last nonzero

digit of k is odd then for all sufficiently large n the set
Sp+kS,={s+ks'|s, s inS,}

has fewer than 4" elements.
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Now denote by & the set of integers which can be written in base four using
just the digits 0 and 1, and for n =0, 1, 2, ..., denote by §,, the subset of
words in S of at most n letters. Our main result is that if the last nonzero

digit of k is odd then for all sufficiently large n the set
Sp+kS,={s+ks'|s, s inS,}

has fewer than 4" elements. More, for some r strictly less than 4, these
elements lie in only O(r™) distinct residue classes.
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S-8§=CL

Now denote by & the set of integers which can be written in base four using
just the digits 0 and 1, and for n =0, 1, 2, ..., denote by §,, the subset of
words in S of at most n letters. Our main result is that if the last nonzero

digit of k is odd then for all sufficiently large n the set
Sp+kS,={s+ks'|s, s inS,}

has fewer than 4" elements. More, for some r strictly less than 4, these
elements lie in only O(r™) distinct residue classes.

The so what of this result is of course that, necessarily, if some element of

S, + kS, has two representatives, say s; + ks] = sa + ks5, then
k(s] — s5) = s3 — 81

displays a multiplier s} — s, in £ yielding so — s7 in L.
1 2 y g
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S-8§=CL

Now denote by & the set of integers which can be written in base four using
just the digits 0 and 1, and for n =0, 1, 2, ..., denote by §,, the subset of
words in S of at most n letters. Our main result is that if the last nonzero

digit of k is odd then for all sufficiently large n the set
Sp+kS,={s+ks'|s, s inS,}

has fewer than 4" elements. More, for some r strictly less than 4, these
elements lie in only O(r™) distinct residue classes.

The so what of this result is of course that, necessarily, if some element of

S, + kS, has two representatives, say s; + ks] = sa + ks5, then
k(s] — s5) = s3 — 81

displays a multiplier s| — s, in £ yielding s5 — s; in £. The ‘more’ provides

an independent proof.
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An awful problem . ..

S-8§=CL

Now denote by & the set of integers which can be written in base four using
just the digits 0 and 1, and for n =0, 1, 2, ..., denote by §,, the subset of
words in S of at most n letters. Our main result is that if the last nonzero

digit of k is odd then for all sufficiently large n the set
Sp+kS,={s+ks'|s, s inS,}

has fewer than 4" elements. More, for some r strictly less than 4, these
elements lie in only O(r™) distinct residue classes.

The so what of this result is of course that, necessarily, if some element of

S, + kS, has two representatives, say s; + ks] = sa + ks5, then
k(s] — s5) = s3 — 81

displays a multiplier s| — s, in £ yielding s5 — s; in £. The ‘more’ provides

an independent proof; more of that later.
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An awful problem . ..

Congruence Classes and Types'

Given k,say k=1 (mod 4), the set S; + kS; yields three groups {0}, {1, k},

{k + 1} consisting of its four elements grouped in congruence classes mod 4.
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Congruence Classes and Types'

Given k, say k=1 (mod 4), the set S; + kS1 yields three groups {0},
{1,k}, {k+ 1} consisting of its four elements grouped in congruence classes
mod 4. To move to level n = 2 we add the set 4(S; + kS;) obtaining 4°

numbers grouped into classes mod 4%, and so on.
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Congruence Classes and Types'

Given k, say k=1 (mod 4), the set S; + kS1 yields three groups {0},
{1,k}, {k+ 1} consisting of its four elements grouped in congruence classes
mod 4. To move to level n = 2 we add the set 4(S; + kS;) obtaining 4°

numbers grouped into classes mod 4%, and so on.

The point to notice is that numbers belonging to different classes of course
cannot give rise to numbers in the same class at higher level, so it suffices to

follow the career of a typical class.
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An awful problem . ..

Congruence Classes and Types'

Given k, say k=1 (mod 4), the set S; + kS1 yields three groups {0},
{1,k}, {k+ 1} consisting of its four elements grouped in congruence classes
mod 4. To move to level n = 2 we add the set 4(S; + kS;) obtaining 4°
numbers grouped into classes mod 4%, and so on.

The point to notice is that numbers belonging to different classes of course
cannot give rise to numbers in the same class at higher level, so it suffices to
follow the career of a typical class. More, take a group {ti,to,...,ty}, with
1 <ty <...<ty, of elements congruent mod 4" and set t; — t; = 4"r;.
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Congruence Classes and Types'

Given k, say k=1 (mod 4), the set S; + kS1 yields three groups {0},
{1,k}, {k+ 1} consisting of its four elements grouped in congruence classes
mod 4. To move to level n = 2 we add the set 4(S; + kS;) obtaining 4°

numbers grouped into classes mod 4%, and so on.

The point to notice is that numbers belonging to different classes of course
cannot give rise to numbers in the same class at higher level, so it suffices to

follow the career of a typical class. More, take a group {ti,to,...,ty}, with
1 <ty <...<ty, of elements congruent mod 4" and set t; — t; = 4"r;.
Then following the career of {t1,t5,... ,t,} from level n is equivalent to
following its type {r1 = 0,72,... ,7,} from level 0.
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An awful problem . ..

Congruence Classes and Types'

Given k, say k=1 (mod 4), the set S; + kS1 yields three groups {0},
{1,k}, {k+ 1} consisting of its four elements grouped in congruence classes
mod 4. To move to level n = 2 we add the set 4(S; + kS;) obtaining 4°
numbers grouped into classes mod 4%, and so on.

The point to notice is that numbers belonging to different classes of course
cannot give rise to numbers in the same class at higher level, so it suffices to

follow the career of a typical class. More, take a group {ti,to,...,ty}, with
1 <ty <...<ty, of elements congruent mod 4" and set t; — t; = 4"r;.
Then following the career of {t1,t5,... ,t,} from level n is equivalent to
following its type {r1 = 0,72,... ,7,} from level 0.

Obviously the r; are bounded in terms of k; in fact by (k + 1)/3. Since the
r; must be distinct it follows that for each k only finitely many different types

can occur in the construction.
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An awful problem . ..

The first nontrivial case is k = 9, and we have already seen that the singleton
{0} yields two singletons and a doubleton of type {0,2} at level 1.
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An awful problem . ..

The first nontrivial case is k = 9, and we have already seen that the singleton
{0} yields two singletons and a doubleton of type {0,2} at level 1. The type
{0,2} provides three doubletons of type {0,2}, namely, {1,9}, {2,10}, and
{3,11}, and {0, 12} of type {0, 3}.
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An awful problem . ..

The first nontrivial case is k = 9, and we have already seen that the singleton
{0} yields two singletons and a doubleton of type {0,2} at level 1. The type
{0,2} provides three doubletons of type {0,2}, namely, {1,9}, {2,10}, and

{3,11}, and {0,12} of type {0,3}. Thus at n = 2 we have four singletons,
five doubletons of type {0,2}, and one of type {0, 3}.
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An awful problem . ..

The first nontrivial case is k = 9, and we have already seen that the singleton
{0} yields two singletons and a doubleton of type {0,2} at level 1. The type
{0,2} provides three doubletons of type {0,2}, namely, {1,9}, {2,10}, and
{3,11}, and {0,12} of type {0,3}. Thus at n = 2 we have four singletons,
five doubletons of type {0,2}, and one of type {0, 3}.

At the next level the new type {0,3} becomes two singletons, {10} and {3},
and two triples {0,4,12} and {1,9, 13}, of respective types {0, 1,3} and
{0,2,3}.
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An awful problem . ..

The first nontrivial case is k = 9, and we have already seen that the singleton
{0} yields two singletons and a doubleton of type {0,2} at level 1. The type
{0,2} provides three doubletons of type {0,2}, namely, {1,9}, {2,10}, and
{3,11}, and {0,12} of type {0,3}. Thus at n = 2 we have four singletons,
five doubletons of type {0,2}, and one of type {0, 3}.

At the next level the new type {0,3} becomes two singletons, {10} and {3},
and two triples {0,4,12} and {1,9, 13}, of respective types {0, 1,3} and
{0,2,3}. The complete set of classes at n = 3 happens to comprise ten
singletons, nineteen doubletons of type {0,2} and five of type {0,3}, and the
two triples.
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An awful problem . ..

The first nontrivial case is k = 9, and we have already seen that the singleton
{0} yields two singletons and a doubleton of type {0,2} at level 1. The type
{0,2} provides three doubletons of type {0,2}, namely, {1,9}, {2,10}, and
{3,11}, and {0,12} of type {0,3}. Thus at n = 2 we have four singletons,
five doubletons of type {0,2}, and one of type {0, 3}.

At the next level the new type {0,3} becomes two singletons, {10} and {3},
and two triples {0,4,12} and {1,9, 13}, of respective types {0, 1,3} and
{0,2,3}. The complete set of classes at n = 3 happens to comprise ten
singletons, nineteen doubletons of type {0,2} and five of type {0,3}, and the
two triples.

At level n = 4, however, the triple {0, 1,3} becomes just two triples {0, 4,12}
and {1,9,13} of respective types {0,1,3} and {0,2,3}, and two doubletons
{2,10} and {3,11} of type {0, 2}
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An awful problem . ..

The first nontrivial case is k = 9, and we have already seen that the singleton
{0} yields two singletons and a doubleton of type {0,2} at level 1. The type
{0,2} provides three doubletons of type {0,2}, namely, {1,9}, {2,10}, and
{3,11}, and {0,12} of type {0,3}. Thus at n = 2 we have four singletons,
five doubletons of type {0,2}, and one of type {0, 3}.

At the next level the new type {0,3} becomes two singletons, {10} and {3},
and two triples {0,4,12} and {1,9, 13}, of respective types {0, 1,3} and
{0,2,3}. The complete set of classes at n = 3 happens to comprise ten
singletons, nineteen doubletons of type {0,2} and five of type {0,3}, and the

two triples.

At level n = 4, however, the triple {0, 1,3} becomes just two triples {0, 4,12}
and {1,9,13} of respective types {0,1,3} and {0,2,3}, and two doubletons
{2,10} and {3,11} of type {0,2}, comprising only ten elements rather than

the expected twelve!

CENTRE FOR NUMBER THEORY RESEARCH, SYDNEY



An awful problem . ..

The first nontrivial case is k = 9, and we have already seen that the singleton
{0} yields two singletons and a doubleton of type {0,2} at level 1. The type
{0,2} provides three doubletons of type {0,2}, namely, {1,9}, {2,10}, and
{3,11}, and {0,12} of type {0,3}. Thus at n = 2 we have four singletons,
five doubletons of type {0,2}, and one of type {0, 3}.

At the next level the new type {0,3} becomes two singletons, {10} and {3},
and two triples {0,4,12} and {1,9, 13}, of respective types {0, 1,3} and
{0,2,3}. The complete set of classes at n = 3 happens to comprise ten
singletons, nineteen doubletons of type {0,2} and five of type {0,3}, and the

two triples.

At level n = 4, however, the triple {0, 1,3} becomes just two triples {0, 4,12}
and {1,9,13} of respective types {0,1,3} and {0,2,3}, and two doubletons
{2,10} and {3,11} of type {0,2}, comprising only ten elements rather than
the expected twelve! So there must be an m € £ so that 9m is in £ and has
at most four digits.
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An awful problem . ..

The first nontrivial case is k = 9, and we have already seen that the singleton
{0} yields two singletons and a doubleton of type {0,2} at level 1. The type
{0,2} provides three doubletons of type {0,2}, namely, {1,9}, {2,10}, and
{3,11}, and {0,12} of type {0,3}. Thus at n = 2 we have four singletons,
five doubletons of type {0,2}, and one of type {0, 3}.

At the next level the new type {0,3} becomes two singletons, {10} and {3},
and two triples {0,4,12} and {1,9, 13}, of respective types {0, 1,3} and
{0,2,3}. The complete set of classes at n = 3 happens to comprise ten
singletons, nineteen doubletons of type {0,2} and five of type {0,3}, and the

two triples.

At level n = 4, however, the triple {0, 1,3} becomes just two triples {0, 4,12}
and {1,9,13} of respective types {0,1,3} and {0,2,3}, and two doubletons
{2,10} and {3,11} of type {0,2}, comprising only ten elements rather than
the expected twelve! So there must be an m € £ so that 9m is in £ and has
at most four digits. Indeed, 21 x 11 = 1111,
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An awful problem . ..

The first nontrivial case is k = 9, and we have already seen that the singleton
{0} yields two singletons and a doubleton of type {0,2} at level 1. The type
{0,2} provides three doubletons of type {0,2}, namely, {1,9}, {2,10}, and
{3,11}, and {0,12} of type {0,3}. Thus at n = 2 we have four singletons,
five doubletons of type {0,2}, and one of type {0, 3}.

At the next level the new type {0,3} becomes two singletons, {10} and {3},
and two triples {0,4,12} and {1,9, 13}, of respective types {0, 1,3} and
{0,2,3}. The complete set of classes at n = 3 happens to comprise ten
singletons, nineteen doubletons of type {0,2} and five of type {0,3}, and the

two triples.

At level n = 4, however, the triple {0, 1,3} becomes just two triples {0, 4,12}
and {1,9,13} of respective types {0,1,3} and {0,2,3}, and two doubletons
{2,10} and {3,11} of type {0,2}, comprising only ten elements rather than
the expected twelve! So there must be an m € £ so that 9m is in £ and has
at most four digits. Indeed, 21 x 11 = 1111; and we have noticed this just by
following the types.
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An awful problem . ..

Equations I

CENTRE FOR NUMBER THEORY RESEARCH, SYDNEY



An awful problem . ..

Equations I

Suppose now, contrary to what we want, that each set §,, + kS,, has 4"

distinct elements
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An awful problem . ..

Equations I

Suppose now, contrary to what we want, that each set §,, + kS,, has 4"
distinct elements, yet recall that the congruence classes mod 4™ in the sets
S, + kS, have bounded size because only finitely many different types can

occur.

CENTRE FOR NUMBER THEORY RESEARCH, SYDNEY



An awful problem . ..

Equations I

Suppose now, contrary to what we want, that each set §,, + kS,, has 4"
distinct elements, yet recall that the congruence classes mod 4™ in the sets
S, + kS,, have bounded size because only finitely many different types can
occur. We show these constraints are incompatible.
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An awful problem . ..

Equations I

Suppose now, contrary to what we want, that each set §,, + kS,, has 4"
distinct elements, yet recall that the congruence classes mod 4™ in the sets
S, + kS,, have bounded size because only finitely many different types can
occur. We show these constraints are incompatible.

Given a type of M elements, denote by N, = N;n) the number of elements of

this class congruent to ¢« mod 4.
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An awful problem . ..

Equations I

Suppose now, contrary to what we want, that each set §,, + kS,, has 4"
distinct elements, yet recall that the congruence classes mod 4™ in the sets
S, + kS,, have bounded size because only finitely many different types can
occur. We show these constraints are incompatible.

Given a type of M elements, denote by N, = N;n) the number of elements of
this class congruent to ¢ mod 4"™. Now move to level n by adding the set
S,, + kS,, to each element of the class.
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An awful problem . ..

Equations I

Suppose now, contrary to what we want, that each set §,, + kS,, has 4"
distinct elements, yet recall that the congruence classes mod 4™ in the sets
S, + kS,, have bounded size because only finitely many different types can
occur. We show these constraints are incompatible.

Given a type of M elements, denote by N, = N;n) the number of elements of
this class congruent to ¢ mod 4"™. Now move to level n by adding the set
S,, + kS,, to each element of the class. By our assumption, we must obtain

4™ M distinct integers falling into various congruence classes mod 4" .
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An awful problem . ..

Equations I

Suppose now, contrary to what we want, that each set §,, + kS,, has 4"
distinct elements, yet recall that the congruence classes mod 4™ in the sets
S, + kS,, have bounded size because only finitely many different types can
occur. We show these constraints are incompatible.

Given a type of M elements, denote by N, = N;n) the number of elements of
this class congruent to ¢ mod 4"™. Now move to level n by adding the set

S,, + kS, to each element of the class. By our assumption, we must obtain
4™ M distinct integers falling into various congruence classes mod 4™ . If,
moreover, M was chosen maximal, then necessarily each of those 4™ classes

must contain exactly M elements.
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An awful problem . ..

Equations I

Suppose now, contrary to what we want, that each set §,, + kS,, has 4"
distinct elements, yet recall that the congruence classes mod 4™ in the sets
S, + kS,, have bounded size because only finitely many different types can
occur. We show these constraints are incompatible.

Given a type of M elements, denote by N, = N;n) the number of elements of
this class congruent to ¢ mod 4"™. Now move to level n by adding the set

S,, + kS, to each element of the class. By our assumption, we must obtain
4™ M distinct integers falling into various congruence classes mod 4™ . If,
moreover, M was chosen maximal, then necessarily each of those 4™ classes
must contain exactly M elements. That yields the equations

Z Nz.(fz =M (0<i<4"), and the given Z Nz.(m =M.
t in S,, + kS, 7 mod 4™
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An awful problem . ..

Circulants '
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An awful problem . ..

Circulants '

Further, denote by an) the number of elements of S,, + £S,, congruent to
—1 mod 4".
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An awful problem . ..

Circulants '

Further, denote by an) the number of elements of S,, + £S,, congruent to
—1 mod 4" . Then we have

Y. NN= 3 VNG = 3 NN =M (0<isay

te S, +kS, 74 mod 4" 74 mod 4"
and so Z én)z 4™ and Z (n) (n) =0 (0<ii<4").
j mod 4" 4 mod 4"
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An awful problem . ..

Circulants '

Further, denote by an) the number of elements of S,, + £S,, congruent to
—1 mod 4" . Then we have

Y. NN= 3 VNG = 3 NN =M (0<isay

te S, +kS, 74 mod 4" 74 mod 4"
and so Z én)z = 4" and Z (n) (n) =0 (0<ii<4").
j mod 4" 4 mod 4"

So our attention should turn to the the 4™ x 4™ matrix C = (cg-r'i)i —1).
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An awful problem . ..

Circulants '

Further, denote by an) the number of elements of S,, + £S,, congruent to
—1 mod 4" . Then we have

Y. NN= 3 VNG = 3 NN =M (0<isay

te S, +kS, 74 mod 4" 74 mod 4"
and so Z én)z = 4" and Z (n) (n) =0 (0<ii<4").
j mod 4" 4 mod 4"

So our attention should turn to the the 4™ x 4" matrix C = (C§7i)i —1). Itis a

circulant
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An awful problem . ..

Circulants '

Further, denote by an) the number of elements of S,, + £S,, congruent to
—1 mod 4" . Then we have

Y. NN= 3 VNG = 3 NN =M (0<isay

te S, +kS, 74 mod 4" 74 mod 4"
M yn (’n) (n) _ - n
and so Z c;; =4" and Z N7 =0 (0<1e<4").
j mod 4" 4 mod 4"

So our attention should turn to the the 4™ x 4™ matrix C = (C§7i)i —1). Itisa
circulant and those who know such things well well know that it is

diagonalisable and that its eigenvalues are given by the 4™ resolvent sums

go(n)(e) — Z cg”‘)ei for *" =1 and 0 # 1; but gp(”)(l) = 0.

7 mod 4"
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An awful problem . ..

Circulants '

Further, denote by an) the number of elements of S,, + £S,, congruent to
—1 mod 4"™. Then we have

(n) _ ) ) (n) ar(n) _ - n
SN Y NG = Y N =M o<igan

te S, +kS, 74 mod 4" j mod 4"
and so Z c§@i =4" and Z ((3;“)2 1)N(n) =0 (0<i<4m).
j mod 4" j mod 4"

So our attention should turn to the the 4" x 4™ matrix C = (cg@i —1). Itisa
circulant and those who know such things well well know that it is

diagonalisable and that its eigenvalues are given by the 4™ resolvent sums

90(">(9) = Z cgn)ﬁi for 6*" =1 and 6 -+ 1; but gp(”>(1) = 0.

¢ mod 4™

The general solution for Ni(n) is given by 47" M from 6 = 1 plus some linear

combination of solutions coming from the other @ for which (™ (#) vanishes.
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Resolution '
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An awful problem . ..

Resolution '

Earlier we used S,,11 + kSp11 = S, + kS, +4"(S1 + kS1);
here we apply S,,41 + kSp11 = 4(S,, + kS,) + S1 + kS
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An awful problem . ..

Resolution '

Earlier we used S,,11 + kSp11 = S, + kS, + 4" (51 + kS1);
here we apply S,11 + kSni1 = 4(S, + kS,,) + S1 + kSt

Thus each element of S,, + k£S,, congruent to —i mod 4" yields four elements
of 8,11+ kS,11 congruent respectively to —4:, —4:+ 1, —47 + k, and
-4+ k+1.
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An awful problem . ..

Resolution '

Earlier we used S,,11 + kSp11 = S, + kS, + 4" (51 + kS1);
here we apply S,11 + kSni1 = 4(S, + kS,,) + S1 + kSt

Thus each element of S,, + k£S,, congruent to —i mod 4" yields four elements
of 8,11+ kS,11 congruent respectively to —4:, —4:+ 1, —47 + k, and
—44 4+ k + 1. In brief, if n is a 4""! th root of unity then

ey = Y et A+ /n+1/nF 10 ) = oM (g (1+1/9) (1+1/9°);

7 mod 4"
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An awful problem . ..

Resolution '

Earlier we used S,,11 + kSp11 = S, + kS, + 4" (51 + kS1);
here we apply S,11 + kSni1 = 4(S, + kS,,) + S1 + kSt

Thus each element of S,, + k£S,, congruent to —i mod 4" yields four elements
of 8,11+ kS,11 congruent respectively to —4:, —4:+ 1, —47 + k, and
—44 4+ k + 1. In brief, if n is a 4""! th root of unity then

i) = Y AL 1Y) = o (M (11 ) (14 1/0F);
2 mod 4™
n—1 _ .
and so, by induction, ¢(™ () = H (L+674)1 4675,
1=0
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An awful problem . ..

Resolution '

Earlier we used S,,11 + kSp11 = S, + kS, + 4" (51 + kS1);
here we apply S,11 + kSni1 = 4(S, + kS,,) + S1 + kSt

Thus each element of S,, + k£S,, congruent to —i mod 4" yields four elements
of 8,11+ kS,11 congruent respectively to —4:, —4:+ 1, —47 + k, and
—44 4+ k + 1. In brief, if n is a 4""! th root of unity then

ey = Y et A+ /n+1/nF 10 ) = oM (g (1+1/9) (1+1/9°);
¢ mod 4"
n—1

and so, by induction, ¢(™ () = H (1+ 9_4i)(1 + 9—k4@') .
i=0

Hence, ¢(™(0) # 0 if 0 has exact order 4"; and »(™ (0) =0 if # has exact
order 2-4"=1 (0 < h <n)
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An awful problem . ..

Resolution '

Earlier we used S,,11 + kSp11 = S, + kS, + 4" (51 + kS1);
here we apply S,11 + kSni1 = 4(S, + kS,,) + S1 + kSt

Thus each element of S,, + k£S,, congruent to —i mod 4" yields four elements
of 8,11+ kS,11 congruent respectively to —4:, —4:+ 1, —47 + k, and
—44 4+ k + 1. In brief, if n is a 4""! th root of unity then

e = D0 At AL /1) = o ) (141 /) A1)
i mod 4"
n—1 _ .
and so, by induction, ¢(™ () = H (L+674)1 4675,
i=0
Hence, ¢(™(0) # 0 if 0 has exact order 4"; and »(™ (0) =0 if # has exact
order 2-4"=1 (0 < h < n); here we really do explicitly use the condition k

odd.
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An awful problem . ..

Resolution '

Earlier we used S,, 11 + kSp11 = Sy + kS, + 4" (S1 + kS1);
here we apply S,,11 + kSp11 = 4(S, + kS,) + S1 + kSi.

Thus each element of S,, + k£S,, congruent to —i mod 4" yields four elements
of 8,11+ kS,,11 congruent respectively to —4i, —4i+ 1, —47 + k, and
—44 4+ k + 1. In brief, if n is a 4""! th root of unity then

o) = Y MM A+1/n+1/n 1) = o™ () A+ 1/n) 1+1/79°);
7 mod 4"
n—1 ' '
and so, by induction, ¢(™ () = H (1+6074)1 4075,
1=0

Hence, ©(™(0) # 0 if 0 has exact order 4"; and »(™ () =0 if # has exact

order 2-4"=1 (0 < h < n); here we really do explicitly use the condition &

odd. The almost magical result Ni(n) = NZ.(Z;, o (0<i <2471 follows,

and that is enough to give us our contradiction.
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An awful problem . ..
Indeed, it is easy to see by induction that at least 2™ of the N,L.(m are
non-zero: for each ¢ mod 4™ for which Ni<n> is non-zero, at least two of

n—+1 n—+1 n—+1 n—+1
Nz( ) Y Ni(—i—éln ) Y Nz'(—|—2-421 Y Ni(—|—3-421

must be non-zero.
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An awful problem . ..

Indeed, it is easy to see by induction that at least 2™ of the Ni(n) are

non-zero: for each ¢ mod 4™ for which N,L-(n> is non-zero, at least two of

N(n—i—l) N.(n+1) N(n—}—l) N(n—i—l)

) 1+4m 1+2-4m) 1+3-4m

must be non-zero. Thus we obtain the absurd consequence that for every n

M= Y NYzo2

¢ mod 4™

CENTRE FOR NUMBER THEORY RESEARCH, SYDNEY

10



An awful problem . ..

Indeed, it is easy to see by induction that at least 2™ of the Ni(n) are

non-zero: for each ¢ mod 4™ for which Ni(n> is non-zero, at least two of

N(n—i—l) N(n—}—l) N'(n—i—l)

(n+1)
Nz' ) 1+4m > 1+2-4m) 1+3-4m

must be non-zero. Thus we obtain the absurd consequence that for every n

M= Y NYzo2

¢ mod 4™

Painting the Lilly'
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An awful problem . ..

Indeed, it is easy to see by induction that at least 2™ of the Nz-(n) are

non-zero: for each ¢ mod 4™ for which Ni(n) is non-zero, at least two of

N.(n+1) N(n—}—l) N'(n—i—l)

(n+1)
Nz' ) 1+4m > 1+2-4m) 1+3-4m

must be non-zero. Thus we obtain the absurd consequence that for every n

M= Y NYzo2

¢ mod 4™

Painting the Lilly'

“To gild refined gold, to paint the lilly, ... is’, as Salisbury warns King John,

‘wasteful and ridiculous excess’. Nonetheless, we add some remarks on the
number of congruence classes of S + kS mod 4™, and therefore an alternate

proof, primarily, I guess, because that was our original line of argument.
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An awful problem . ..

Recall the example £ = 9.
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An awful problem . ..

Recall the example k£ = 9. To complete its discussion one adds that also the
type {0,2,3} yields triples of types {0, 1,3} and {0,2,3} respectively, and
two doubletons of type {0,2}.
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An awful problem . ..

Recall the example k£ = 9. To complete its discussion one adds that also the
type {0,2,3} yields triples of types {0, 1,3} and {0,2,3} respectively, and
two doubletons of type {0,2}. Thus k£ = 9 has precisely the types {0},
10,21 40,3}, {0,1,3} and {0,2,3}.
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An awful problem . .. 11

Recall the example k£ = 9. To complete its discussion one adds that also the
type {0,2,3} yields triples of types {0, 1,3} and {0,2,3} respectively, and
two doubletons of type {0,2}. Thus k£ = 9 has precisely the types {0},
{0,2} {0,3}, {0,1,3} and {0,2,3}. Retaining that ordering, their behaviour
under change of level is given completely by the transition matrix

0 0]
0 0
1 1.
11
11

~
|
S O N O N

1 0
3 1
0 0
2 0
2 0
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An awful problem . ..

Recall the example k£ = 9. To complete its discussion one adds that also the
type {0,2,3} yields triples of types {0, 1,3} and {0,2,3} respectively, and
two doubletons of type {0,2}. Thus k£ = 9 has precisely the types {0},
{0,2} {0,3}, {0,1,3} and {0,2,3}. Retaining that ordering, their behaviour
under change of level is given completely by the transition matrix

0 0]
0 0
1 1.
11
11

~
|
S O N O N

1 0
3 1
0 0
2 0
2 0

Thus if we follow a type of say h elements to level n we either find fewer than
4™h elements or we find a congruence class mod 4™ with more than h

elements.
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An awful problem . ..

Recall the example k£ = 9. To complete its discussion one adds that also the
type {0,2,3} yields triples of types {0, 1,3} and {0,2,3} respectively, and
two doubletons of type {0,2}. Thus k£ = 9 has precisely the types {0},
{0,2} {0,3}, {0,1,3} and {0,2,3}. Retaining that ordering, their behaviour
under change of level is given completely by the transition matrix

0 0]
0 0
1 1.
11
11

~
|
S O N O N

1 0
3 1
0 0
2 0
2 0

Thus if we follow a type of say h elements to level n we either find fewer than
4™h elements or we find a congruence class mod 4™ with more than h
elements. In either case at least one of the 4™ congruence classes must

contain fewer than h elements.
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An awful problem . ..

Recall the example k£ = 9. To complete its discussion one adds that also the
type {0,2,3} yields triples of types {0, 1,3} and {0,2,3} respectively, and
two doubletons of type {0,2}. Thus k£ = 9 has precisely the types {0},
{0,2} {0,3}, {0,1,3} and {0,2,3}. Retaining that ordering, their behaviour
under change of level is given completely by the transition matrix

0 0]
0 0
1 1.
11
11

~
|
S O N O N

1 0
3 1
0 0
2 0
2 0

Thus if we follow a type of say h elements to level n we either find fewer than
4™h elements or we find a congruence class mod 4™ with more than h
elements. In either case at least one of the 4™ congruence classes must contain
fewer than h elements. So each type leads eventually to the singleton type.
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An awful problem . ..

Perron—Frobenius Theory'
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An awful problem . ..

Perron—Frobenius Theory'

Results of Perron and of Frobenius assert that an irreducible non-negative

matrix has a positive eigenvalue, r say, such that all other eigenvalues have

absolute value at most r.
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An awful problem . ..

Perron—Frobenius Theory'

Results of Perron and of Frobenius assert that an irreducible non-negative
matrix has a positive eigenvalue, r say, such that all other eigenvalues have
absolute value at most r. Moreover, each such dominant eigenvalue is a

simple root of the characteristic equation.
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An awful problem . ..

Perron—Frobenius Theory'

Results of Perron and of Frobenius assert that an irreducible non-negative
matrix has a positive eigenvalue, r say, such that all other eigenvalues have
absolute value at most r. Moreover, each such dominant eigenvalue is a
simple root of the characteristic equation. Further, r lies between the

minimal and maximal row sums of the matrix.
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An awful problem . ..

Perron—Frobenius Theory'

Results of Perron and of Frobenius assert that an irreducible non-negative
matrix has a positive eigenvalue, r say, such that all other eigenvalues have
absolute value at most r. Moreover, each such dominant eigenvalue is a
simple root of the characteristic equation. Further, r lies between the

minimal and maximal row sums of the matrix.

We have just now seen that, in our problem, a transition matrix 7' is
irreducible, in the sense that each type eventually yields every other type.
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An awful problem . ..

Perron—Frobenius Theory'

Results of Perron and of Frobenius assert that an irreducible non-negative
matrix has a positive eigenvalue, r say, such that all other eigenvalues have
absolute value at most r. Moreover, each such dominant eigenvalue is a
simple root of the characteristic equation. Further, r lies between the

minimal and maximal row sums of the matrix.

We have just now seen that, in our problem, a transition matrix 7' is
irreducible, in the sense that each type eventually yields every other type.
Moreover, for arbitrary odd k, its first row, corresponding to the singleton

type, will always sum to 3, the others to at most 4.
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An awful problem . ..

Perron—Frobenius Theory'

Results of Perron and of Frobenius assert that an irreducible non-negative
matrix has a positive eigenvalue, r say, such that all other eigenvalues have
absolute value at most r. Moreover, each such dominant eigenvalue is a
simple root of the characteristic equation. Further, r lies between the

minimal and maximal row sums of the matrix.

We have just now seen that, in our problem, a transition matrix 7' is
irreducible, in the sense that each type eventually yields every other type.
Moreover, for arbitrary odd k, its first row, corresponding to the singleton
type, will always sum to 3, the others to at most 4. Hence 3 < r < 4, and it

follows that the number of distinct elements of S + kS not exceeding N is
O(N'oer/logd) a5 N — oo.
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An awful problem . ..

Perron—Frobenius Theory'

Results of Perron and of Frobenius assert that an irreducible non-negative
matrix has a positive eigenvalue, r say, such that all other eigenvalues have
absolute value at most r. Moreover, each such dominant eigenvalue is a
simple root of the characteristic equation. Further, r lies between the

minimal and maximal row sums of the matrix.

We have just now seen that, in our problem, a transition matrix 7' is
irreducible, in the sense that each type eventually yields every other type.
Moreover, for arbitrary odd k, its first row, corresponding to the singleton
type, will always sum to 3, the others to at most 4. Hence 3 < r < 4, and it
follows that the number of distinct elements of S + kS not exceeding N is
O(N'es7/l094) 35 N — oo. Thus most integers are not in S + kS.
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An awful problem . ..

Perron—Frobenius Theory'

Results of Perron and of Frobenius assert that an irreducible non-negative
matrix has a positive eigenvalue, r say, such that all other eigenvalues have
absolute value at most r. Moreover, each such dominant eigenvalue is a
simple root of the characteristic equation. Further, r lies between the

minimal and maximal row sums of the matrix.

We have just now seen that, in our problem, a transition matrix 7' is
irreducible, in the sense that each type eventually yields every other type.
Moreover, for arbitrary odd k, its first row, corresponding to the singleton
type, will always sum to 3, the others to at most 4. Hence 3 < r < 4, and it
follows that the number of distinct elements of S + kS not exceeding N is
O(N'es7/l094) 35 N — oo. Thus most integers are not in S + kS.

Incidentally, the argument fails if the last nonzero digit of k£ is a 2, because T’

then has an irreducible component in which all row sums are 4.
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An awful problem . ..
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suffices to remark that
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suffices to remark that
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The Number of Representations r(n) of n

It is easy to see that

Fr(X) = ﬁ(1 + X1+ X = i rn(K) X"

is the generating function of the number of representations 7, (k) of n of the
shape s + ks’ with s and s’ in S.

It is now not too hard to see that, on average, r, (k) is about 1/vk. It

suffices to remark that
Do)=Y 1L,
n<N s+ks'<N

to take N ~ 4™ and to recall |S,,| =2".

It follows that if almost all the 7, (k) are zero then some 7, (k) must
exceed 1, again solving our problem. Our arguments in fact show, if k£ is odd,
that there are r, (k) that are arbitrarily large.
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The paper of the present talk. At the time, we accidentally dedicated the
article to Paul Frdds on his 80th birthday (rather than his 75th, as intended),
leading Andrze] Schinzel to say to me that he accepted the paper subject to
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This talk, though without my spoken commentary, can be found at
http://www.maths.mq.edu.au/~alf/AwfulTalk.pdf.
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