
 
What is theuniversal envelopingalgebra

1 Motivzhou Donotworry if Hissection makes no sense to you

for a semisimple simply connected be algebra G over Q we will
construct a unit l associative algebra Uld This algebrawillbe an

IN filtered algebra and i

hewhorphisms

g mod pig End v d

I c all p1C

There is a third equivalence by usingthesheaf of differential operators

on the flag variety Flly of 9
let Abe a Q algebra End A is a lie algebra

End A 3 Diff 7 Dev A 3 Ends A TAG A G
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a huge different71 G derivchow small algebra
algebra operators

The Beilinsen Bernstein localisation theorem gives the evidence

Ules mod Diff mod z AnnupyglaZt
Flies

We can obtain irreducible G not by 6nstowing Verma module Va

for a weight a
Philosophy Understand f d irreducible D mod by using
oo dimensional module theVa's which are quotients of UCB



2 Definition 2nd first properties of Ufos
let y be a Liealgebra over Q The tensor algebra Tty is the

free algebra 00 i i T G
TH T go Qi o

i e elements ou rOx rn forsome ViET 2nd Some ht IN
or in and multiplication

fOr Vu w win i r Q Vu wOx Win

It is a unit l associative algebra over Cl

The universal enveloping algebra ULY is the quotient ofvectorspace

Ma b baa a b t got 9 lateGFI
where means ideal serrated by X With multiplication

inducedby

the multiplication in TCG

It is a unit l associative algebra over G

Theorem Poincare Birkhoff Witt let 9 be a lie algebra are
with ordered basis E ice An ordered tensor is a simple teaser of
the form ei Ei lip such that ei Elie E Seip
The collection of all ordered tensors modulo I is a bedL of UCB

Proofi Very hard

Corollary let y be a Lie algebra The naturalmap

i D UCB
x I 7 at I is injective



Team There is an equivalence of categories

Repay Deputy
Before proving this we need a lemma
Remark A aalgebra is naturally a Lie algebra by setting

x y _xy yx

Amap 4 between a Liealgebra and a G algebra is called a

Lie algebra map if
acxis helmets 4G else

tenma the map i B Utes is a Lie algebra map and

satisfies the followinguniversal property

For my unital associative algebra A 2nd any Lie algebra

map G s A there is n map F

dUH 7A
of associative k algebra such that

Tous

GA commutes

Proofi naturally extends to a morphism TCG 7A

of k algebras by the wk

olla bar c 014414 014
The map i Y Tcg X text I is injective and



Tks A
if if is conutative
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let us show that Kev410 I where I is the defining ideal ofUCB

i.e UH 1 9 II We have

fllaab bora fait no la1flb 10161414 0 11 3
o by H

By the Fundamental Theorem of homomorphisms ofalgebra here
exists d UK A st

Tfs d A
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Therefore 9
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This lemma provides us an arrow

Rep 9 06 Repubs
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For an arrow to the left note that if f ULD Endv is

a representation of ULY we can compose

UIT l 2 EndV
n 7

i The composition

foie is a Lie in P
g

Terrenestill missing some details I don't think they are particularly

hard please correct me if I am wrong

Showing the map between arrows

Arv Rep 9 Arv Rep VII

Showing theinduced map pepof pepUlb is a functor

whichis an equivalence of categories

Example Iz E Ffa anb cell

e ft f f h f is a bealgebrawith

h e 2e Ch f 2 f e f L

is a 3 dimensional Liealgebra

slice l shldµze here eosh 2 f hot f 0h
h eat fore

This is an dim slyebuaw1bssisfeOiQf0i h0kIi.j.ktIN
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