COCOMPACT LATTICES OF MINIMAL COVOLUME IN RANK 2 KAC-MOODY
GROUPS, PART I: EDGE-TRANSITIVE LATTICES

INNA (KORCHAGINA) CAPDEBOSCQ AND ANNE THOMAS

ABSTRACT. Let G be a topological Kac-Moody group of rank 2 with symmetric Cartan matrix, defined
over a finite field. An example is G = SLa(K), where K is the field of formal Laurent series over Fq. The
group G acts on its Bruhat—Tits building X, a regular tree, with quotient a single edge. We classify the
cocompact lattices in G which act transitively on the edges of X. Using this, for many such G we find the
minimum covolume among cocompact lattices in G, by proving that the lattice which realises this minimum
is edge-transitive. Our proofs use covering theory for graphs of groups, the dynamics of the G—action on X,
the Levi decomposition for the parabolic subgroups of GG, and finite group theory.

INTRODUCTION

A classical theorem of Siegel [23] states that the minimum covolume among lattices in G = SLy(R) is
57, and determines the lattice which realises this minimum. In the nonarchimedean setting, Lubotzky [17]
constructed the lattice of minimal covolume in G = SLy(K ), where K is the field Fy((¢7!)) of formal Laurent
series over [Fy.

The group G = SLy(F,((t71))) has, in recent developments, been viewed as the first example of a
complete Kac—Moody group of rank 2 over a finite field. Such Kac—-Moody groups are locally compact, totally
disconnected topological groups, which may be thought of as infinite-dimensional analogues of semisimple
algebraic groups (see Section 1.4 below for definitions). In this paper, we determine the cocompact lattice
of minimal covolume in many such G, by classifying those lattices of G which act transitively on the edges
of the associated Bruhat—Tits tree, and then showing that a cocompact lattice of minimal covolume is
edge-transitive. Our main results are Theorems 1, 2 and 3 below, which give precise statements.

It is interesting that there exist any cocompact lattices in the groups GG we consider, since starting with
n = 3, most Kac-Moody groups of rank n do not possess any uniform lattices (with the possible exception
of those whose root systems contain a subsystem of type A, — see Remark 4.4 of [6]). For rank 2, the only
previous examples of cocompact lattices in complete Kac—Moody groups G are the free Schottky groups
constructed by Carbone-Garland in [9].

The Kac-Moody groups G that we consider have a refined Tits system, and so have Bruhat—Tits building
a regular tree X (see [19]). The action of G on X induces an edge of groups
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where P} and P, are the standard parabolic/parahoric subgroups of G, and B = P, N P; is the standard
Borel /Twahori subgroup. Now let m,n be integers > 2. An (m,n)—amalgam is a free product with amalga-
mation A; %4, Aa, where the group Ay has index m in A; and index n in As. The amalgam is faithful if Ay,
A; and As have no common normal subgroup. In Bass—Serre theory (see Section 1.2), an (m,n)-amalgam
is the fundamental group I' of an edge of groups
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with universal cover the (m,n)-biregular tree, and this amalgam is faithful if and only if T' = m(A) =
Aj %4, Ao acts faithfully on the universal cover.

The question of classifying amalgams is, in general, difficult. A deep theorem of Goldschmidt [15] es-
tablished that there are only 15 faithful (3,3)-amalgams of finite groups, and classified such amalgams.
Goldschmidt and Sims conjectured that when both m and n are prime, there are only finitely many faith-
ful (m,n)-amalgams of finite groups (see [3, 13, 15]). This conjecture remains open, except for the case
(m,n) = (2,3), which was established by Djokovi¢-Miller [11], and the work of Fan [13], who proved the
conjecture when the edge group Aj is a p—group, with p a prime distinct from both m and n. On the
other hand, Bass—Kulkarni [3] showed that if either m or n is composite, there are infinitely many faithful
(m, n)—amalgams of finite groups.

Now let I' be a cocompact lattice in the complete Kac—-Moody group G which acts transitively on the
edges of the Bruhat—Tits tree X. As we explain in Section 1.4 below, I' is the fundamental group of an
edge of groups A as above, with moreover Ay, A1 and As finite groups. Hence to classify the edge-transitive
cocompact lattices in G, we classify the amalgams A; %4, A2 which embed in G. We note that, since the
action of G on X is not in general faithful, an amalgam I" may embed as a cocompact edge-transitive lattice
in G even though it is not faithful.

We now state our first main result, Theorem 1. There are some exceptions for small values of p and q,
which are stated separately below in Theorem 2. In Section 3 below, we state Theorems 1 and 2 for the
special case G = SLa(Fy((t71))). The group G in our results is a topological Kac-Moody group, meaning
that it is the completion of a minimal Kac-Moody group A with respect to some topology. We use the
completion in the ‘building topology’, which is discussed in, for example, [8].

Our notation is as follows. We write C,, for the cyclic group of order n and S,, for the symmetric group
on n letters. Since for a finite field F, and the root system A; there exist at most two corresponding
finite groups of Lie type (one isomorphic to SLy(F,), and the other to PSLy(F,)), to avoid complications
we use Lie-theoretic notation, and write A;(q) which stands for both of these groups. We will discuss
this ambiguity whenever necessary. (Notice that as PSLo(F,) = SLy(F,)/Z(SLa(Fy)), if ¢ is odd then
PSLy(Fy) = SLy(F,)/(—1I), while if ¢ is even, SLy(F,) = PSLs(F,).) We denote by T a fixed maximal
split torus of G with T'< P; N P,. The centre Z(G) of G is then contained in T, and T is isomorphic to a
quotient of Fy x Fy (the particular quotient depending upon G).

We say that two edge-transitive cocompact lattices I' = Ay x4, A2 and IV = A} Al Al in G are isomorphic
if A; = Al for i =0,1,2 and the obvious diagram commutes; our classification of edge-transitive lattices is
up to isomorphism. In particular, this means that we assume A; < P; for i = 1, 2.

Theorem 1. Let G be a topological Kac—Moody group of rank 2 defined over a finite field F, of order
om ,m > 2. Then G has
-m 2
edge-transitive cocompact lattices I' of each of the following isomorphism types, and every edge-transitive
cocompact lattice T' in G is isomorphic to one of the following amalgams.
(1) If p=2 then T' = Ay %4, Ay where for i =1,2:
(a) A; = Aog x H; with H; =2 Cy4q; and
(b) Ao is a cyclic subgroup of T with |Ag| dividing (¢ — 1).
(2) If p is odd and ¢ =1 (mod 4), then G does not contain any edge-transitive cocompact lattices (with
finitely many exceptions, listed in Theorem 2 below).
(3) If p is odd and ¢ = 3 (mod 4), then (with finitely many exceptions listed in Theorem 2 below)
I' = Ay %4, Ay where fori=1,2:
(a) A; = AoH;, with H; isomorphic to the normaliser of a non-split torus in A1(q); and
(b) Ao is a subgroup of the normaliser Np(H;) of H; in T.

We now give the finitely many exceptions to the statements in Theorem 1.

q = p® where p is prime, with symmetric generalised Cartan matriz (

Theorem 2. Let G be as in Theorem 1 above. The edge-transitive lattices for p odd and ¢ =1 (mod 4) are:
(1) g =5, T = Ay x4, Az where for i = 1,2, A; = AoH; where H; =2 A1(3), Ao < Nr(H;), and
|Hi cH; N AU| =6; and
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(2) ¢ =29, T = Ay x4, Az where for i = 1,2, A; = AogH; where H; =2 A;(5), Ao < Nr(H;), and
The exceptional edge-transitive lattices for p odd, ¢ = 3 (mod 4) are:

(1) If g =7 or 23, T' = Ay x4, Aa where for i =1,2, A; = AgH;, H; =2 Sy or 254, Ay < Nr(H;) and
|H; : H; N Ag| = g+ 1 where H; N Ag is cyclic.

(2) If g =11, T = Aj x4, As where fori=1,2, A; = AgH;, and Ag < Nr(H;) with |H; : H; N Ag| = 12,
H; N Aqy being cyclic, and one of the following holds:
(a) H1 = H2 = A1(3), or
(b) Hy = Hy = Ay(5).

(3) If g = 19 or 59, T' = Aj x4, Ay where for i = 1,2, A; = AoH;, H; = A1(5), Ao < Np(H;) and
|H; : H; N Ag| = q+ 1 with H; N Ag being cyclic.

We now state our main result on covolumes, Theorem 3. We note in Section 1.4 below that the Haar
measure g on G may be normalised so that the covolume u(I'\G) of an edge-transitive cocompact lattice
I = Aj x4, Ag is equal to |A;|~! + |A3| 71, Using this normalisation, we obtain the following.

Theorem 3. Let G be as in Theorem 1 above. If p =2 then

min{u(T\G) | T a cocompact lattice in G} = m

If p is odd and ¢ = 3 (mod 4), suppose also that ¢ > 300. Then

min{u(T'\G) | T a cocompact lattice in G} = ——————
e Vg nizon
where § € {1,2} (depending upon the particular group G).
Moreover, in these cases, the cocompact lattice of minimal covolume in G is edge-transitive.

Even more precise statements of Theorems 1 and 2 above are obtained in Section 5 below, where we also
prove Theorem 3. We plan to consider covolumes for the case ¢ =1 (mod 4), in which G does not generally
admit any edge-transitive lattices, in Part II of this paper.

Theorem 3 above generalises Theorem 2 of Lubotzky [17], which found the lower bound on covolumes
of cocompact lattices in G = SLa(Fy((¢t71))) by explicitly constructing the cocompact lattices of minimal
covolume. Since many such lattices are edge-transitive, Lubotzky’s constructions appear in our list above
when G = SLy(F,((t71))). In the special case ¢ = 2, L. Carbone has informed us that she obtained such
examples independently. Although our theorems in the case G = SLy(F,((t71))) essentially follow from
Lubotzky’s work, in order to show where the difficulty in the general case lies, and to illustrate different
techniques of proof, we prove Theorems 1 and 2 for G = SLy(F,((t71))) in Section 3 below. We then present
the general proof in Section 4.

Our main methods for determining whether or not a given amalgam is a cocompact lattice in G are
described in Section 2 below. The first method is Bass’ covering theory for graphs of groups [2], which is
used in the proof for G = SLy(F,((t™1))), together with elementary matrix computations (which cannot be
carried out in the general case). As we explain in Section 2.1 below, an amalgam I' = A; x4, A5 embeds as
an edge-transitive cocompact lattice in G if and only if there is a covering of graphs of groups A — G, where
A and G are the edges of groups sketched above.

For the general proof in Section 4, an important tool is Lemma 4 below, which generalises Lemma 3.1 of
Lubotzky [17]. Lubotzky’s result gave sufficient conditions for an amalgam to embed in G = SLy(F,((t71))).
Our result, proved in Section 2.2, gives necessary and sufficient conditions, and applies to more general locally
compact groups G acting on trees.

Lemma 4. Let q1 and g2 be positive integers and let X be the (q1 +1, g2+ 1)—biregular tree. Let G be a locally
compact group of automorphisms of X, which acts on X with compact open stabilisers and with fundamental
domain an edge (x1,x2), where for i = 1,2 the vertexr x; of X has valence q; + 1.

Suppose for i = 1,2 that A; is a finite subgroup of the stabiliser G, such that:

(1) A; acts transitively on the set of q; + 1 neighbours of x; in X; and
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(2) StabAi (1‘3_1) =A;NA,.

Then T = (A, As), the group generated by Ay and As, is a cocompact lattice in G, with fundamental domain
the edge (x1,22). Moreover, T is isomorphic to the free product with amalgamation T' = Ay x 4,4, A2, and
Iy, = A,.

Conversely, suppose I is a cocompact lattice in G with fundamental domain the edge (x1,x2). Let A; =T,.
Then T' = Ay %4,n4, A2, and A; is a finite subgroup of G, such that (1) and (2) hold.

The other key result for the general proof is Proposition 5 below. This is in fact the statement that takes
some work to prove, and is a nice result in its own right.

Proposition 5. Let G be as in Theorem 1 above. If I' is a cocompact lattice in G, then I' does not contain
p—elements.

We apply Proposition 5 to restrict the possible finite groups Ap, A; and As in a lattice amalgam I' =
Ay #4, A2. Our proof of Proposition 5 in Section 4 below was suggested by the Property (FPRS) in recent
work of Caprace—Rémy [8], and makes use of the dynamics of the G-action on X, including some results of
Carbone-Garland [9)].

Our proofs in Sections 3, 4 and 5 below also use the Levi decompositions of the parabolic subgroups P;
and P» of G, which we recall in Section 1.4, and classical results of finite group theory, which are stated in
Section 1.5 below.
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conversations. The second author also thanks the Mathematical Sciences Research Institute and the London
Mathematical Society for travel support, and the Universities of New South Wales and Sydney for their
hospitality in the period during which this work was completed.

1. PRELIMINARIES

We recall some definitions and results concerning trees in Section 1.1, sketch the theory of graphs of groups
in Section 1.2, and give some definitions and important properties for cocompact lattices in Section 1.3. In
Section 1.4 we outline those parts of the theory of Kac-Moody groups that we will need. The required results
of finite group theory are stated in Section 1.5.

1.1. Trees. Let X be a simplicial tree. We define combinatorial balls in X inductively as follows. Given
a vertex v of X, the combinatorial ball Ball(v,0) consists of the vertex v, and for integers n > 1, the
combinatorial ball Ball(v,n) consists of all closed edges in X which meet Ball(v,n — 1). Similarly, given an
edge e of X, Ball(e,0) consists of the (closed) edge e, and for n > 1, Ball(e,n) consists of all closed edges in
X which meet Ball(e,n — 1).

We may now define the distance d(e,e’) between edges e and €’ of X to be 0 if e = ¢/, and to be n > 1 if
¢’ € Ball(e,n) — Ball(e,n — 1).

Two geodesic rays (that is, half-lines) o and ' in the tree X are said to be equivalent if their intersection
is infinite. The set of ends of X is then the collection of equivalence classes of geodesic rays in X, under this
relation. We say that an end is determined by a half-line « if o represents this end.

The following result of Serre will be very useful for us. A group A is said to act without inversions on a
tree X if for all g € A and all edges e € EX, if g preserves e then g fixes e pointwise.

Proposition 6 (Serre, Proposition 19, Section 1.4.3 [21]). Let A be a finite group acting without inversions
on a tree X. Then there is a vertexr of X which is fixed by A.
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1.2. Bass—Serre theory. Let A be a connected graph, with sets V' A of vertices and F'A of oriented edges.
The initial and terminal vertices of e € FA are denoted by dpe and O;e respectively. The map e — € is
orientation reversal, with @ = e and 0;_;e = dje for j = 0,1 and all e € EA.

A graph of groups A = (A, A) over a connected graph A consists of an assignment of vertex groups A, for
each a € VA and edge groups A, = Ag for each e € EA, together with monomorphisms a, : A. — Ag,. for
each e € EA. See for example [2] for the definitions of the fundamental group w1 (A, ag) and the universal

cover X = (A,ap) of a graph of groups A = (A, A), with respect to a basepoint ag € VA. The universal
cover X is a tree, on which 1 (A, ag) acts by isometries inducing a graph of groups isomorphic to A. A graph
of groups is faithful if its fundamental group acts faithfully on its universal cover.

In the special case that A is a graph of groups over an underlying graph A which is a single edge e, we
say that A is an edge of groups. Suppose Ope = a; and J1e = as. Write Aq for the edge group A., and
for i = 1,2 let A; be the vertex group A,,. The fundamental group 7 (A, a;1) is then isomorphic to the

free product with amalgamation A %4, Az, and the universal cover X = (4, a;) is an (m, n)-biregular tree,
where m = [A; : Ag] and n = [Ag : Ag]. Moreover, it follows from Proposition 1.23 of [2] that A is faithful if
and only if for any normal subgroup N of A, if N is normal in A,, and azN is normal in A4,,, then N
is trivial.

1.3. Cocompact lattices. We recall some basic definitions and properties. Let G be a locally compact
topological group with left-invariant Haar measure p. A discrete subgroup I' < G is a lattice if T'\G carries
a finite G—invariant measure, and is cocompact if I'\G is compact.

A well-known property of cocompact lattices that we will use is the following.

Theorem 7 (Gelfand—Graev—Piatetsky-Shapiro [14]). Let G be a locally compact topological group, and T
a cocompact lattice in G. If u € T, then u® = {gug™' | g € G} is a closed subset of G.

Proof. This is a statement on p. 10 of [14]. O

We will also use the following normalisation of Haar measure. In Section 1.4 below we will apply this
result to the Kac—-Moody groups G that we consider.

Proposition 8 (Serre, [22]). Let G be a locally compact topological group acting on a set S with compact
open stabilisers and a finite quotient G\S. Then there is a normalisation of the Haar measure u, depending
only on the choice of G—set S, such that for each discrete subgroup T' of G we have

p(T\G) = VolT\\8) == 3

seT\S

<
ITs|
Moreover, " is cocompact in G if and only if T\S is finite.

Note that a subgroup I' < @ is discrete if and only if the stabilisers I's, s € S, are finite groups.

1.4. Kac—Moody groups. We first in Section 1.4.1 explain how one may associate, to a generalised Cartan
matrix A and an arbitrary field, a Kac-Moody group A, the so-called minimal or incomplete Kac—-Moody
group. In Section 1.4.2 we specialise to rank 2 Kac-Moody groups over finite fields. Section 1.4.3 describes
the completion G of A that appears in the statement of Theorem 1 above, and Section 1.4.4 discusses
cocompact lattices in G. Our treatment of Kac-Moody groups is brief and combinatorial, and partly follows
Appendix TKM of Dymara—Januszkiewicz [12]. For a more sophisticated and general approach, using the
notion of a “twin root datum”, we refer the reader to, for example, Caprace-Rémy [8].

1.4.1. Incomplete Kac—Moody groups. Let I be a finite set. A generalised Cartan matrizc A = (A;j)i jer 1S
a matrix with integer entries, such that A; = 2, A;; < 0if ¢ # j, and A;; = 0 if and only if A;; = 0. (If
A is positive definite, then A is the Cartan matrix of some finite-dimensional semisimple Lie algebra.) A
Kac-Moody datum is a 5—tuple (I, b, {a;}icr, {hi}icr, A) where h is a finitely generated free abelian group,
a; € b, h; € Hom(h,Z), and A;; = hj(a;). The set II = {a; }icr is called the set of simple roots.
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Given a generalised Cartan matrix A as above, we define a Cozeter matriz M = (myj); jer as follows:
my = 1, and if 4 # j then m;; = 2,3,4,6 or oo as A;;A5 = 0,1,2,3 or is > 4. The associated Weyl group
W is then the Coxeter group with presentation determined by M:

W = ({w; }ier | (wiw;)™ 9 for m;; # 00).

The Weyl group acts on b via w; : S +— B—h;(8)«; for each 8 € h and each ¢ € I. In particular, w;(a;) = —a
for each simple root a;. The set ® of real roots is defined by ® = W - II. In general, the set of real roots is
infinite.

We will, not by coincidence, use the same terminology and notation for simple roots and real roots which
are defined in the following combinatorial fashion. Let ¢ be the word length on the Weyl group W, that is,
¢(w) is the minimal length of a word in the letters {w;};cr representing w. The simple roots 11 = {«; }ier
are then defined by

a; ={w e W | L(w,w) > £(w)}.
The set @ of real roots is @ =W - II = {wa; | w € W, o; € 1T}, and W acts naturally on ®. The set & of
positive roots is @4 = {a € @ | 1y € a}, and the set of negative roots ®_ is P\P;. The complement of a
root o in W, denoted —a, is also a root. As before, w;(a;) = —a; for each simple root «;.

We now define the split Kac-Moody group A associated to a Kac-Moody datum as above, over an
arbitrary field k. The group A may be given by a presentation, which is essentially due to Tits (see [25]),
and which appears in Carter [10]. For simplicity, we state this presentation only for the simply-connected
group A, and then discuss the general case. Let (I,h,{c;}icr, {hi}icr, A) be a Kac-Moody datum and
k a field. The associated simply-connected Kac—Moody group A, over k is generated by root subgroups
Us = Uqy(k) = (xo(t) | t € k), one for each real root o € . We write z;(u) = zq, (u) and z_;(u) = z_q, (1)
for each u € k and i € I, and put @;(u) = z;(u)z_;(u™)z;(u), W; = w;i(1), and h;(u) = @;(u)w; * for each
u € k* and ¢ € I. A set of defining relations for the simply-connected Kac-Moody group A, is then:

(1) zo(t)za(u) = 24(t + u), for all roots @ € ® and all ¢,u € k.
(2) If a,8 € ® is a prenilpotent pair of roots, that is, there exist w,w’ € W such that w(a) € @,
w(B) € D4, w'(a) € _ and w'(B) € ®_, then for all ¢t,u € k:

[2a (1), 25(u)] = 11 Tiatjp(Cijapt'u’)
i,7 €N
ia+jBed

where the integers C;q3 are uniquely determined by i, j, o, 3, ®, and the ordering of the terms on
the right-hand side.
(3) hi(t)hi(u) = h;(tu) for all t,u € k* and all ¢ € I.
(4) [hi(t), hj(u)] =1 for all t,u € k* and i,j € I.
(5) hj(w)z;(t)h;(u)~! = x;(utist) for all t € k, u € k* and 4, € I.
(6) wihj(u)w; "t = hj(u)h;(u=4i) for all u € k* and 4,j € 1.
(7) @ia(u)®; ' = 4, (o) (cu) where € € {£1}, for all u € k.

By a result of P.-E. Caprace (cf. 3.5(2) of [5]), any two split Kac-Moody groups of the same type defined
over the same field are isogenic. That is, if A is any split Kac-Moody group associated to the same generalised
Cartan matrix A as A, and defined over the same field k, then there exists a surjective homomorphism
i: Ay — A with ker(7) < Z(A,,). The Kac-Moody group A so constructed is sometimes called the incomplete
Kac—Moody group (for completions of A, see Section 1.4.3 below).

A first example of an incomplete Kac-Moody group A over a finite field is A = SL,,(F,[t,¢t~']), which is
over the field F,, and is not simply-connected.

Again, for a complete and proper definition of incomplete Kac—Moody groups we encourage the reader to
consult various papers of P.-E. Caprace and B. Rémy (cf. [19], [7]).

We now discuss several important subgroups of the Kac-Moody group A. For any version (simply-
connected or not), the unipotent subgroup of A is

U=Uy = (U, | aed)
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For A, simply-connected, the torus

T = (hi(u)|iel,uek")
is isomorphic to the direct product of |I| copies of k*. In general, the torus T of A is a homomorphic image of
the direct product of |I| copies of k*. For all A, we define N to be the subgroup of A generated by the torus
T and by the elements {w; };c; (where, in general as in the simply-connected case, w; = x4, (1)Z—q, (1)zq, (1)
for all ¢ € I). The standard Borel subgroup B = By of A is defined by

B =(T,Uy) = (T,U).

The group B has decomposition B=T x Uy =T x U (see [19]).

The subgroups B and N of A form a BN—pair (also known as a Tits system) with Weyl group W, and
hence A has a Bruhat—Tits building X. (In fact, the group A has isomorphic twin buildings, associated
to twin BN—pairs (B4, N) and (B_, N), but we need only concern ourselves with the positive pair.) The
chambers of X correspond to the cosets of B in A, hence A acts naturally on X with quotient a single
chamber. For each apartment ¥ of X, the chambers in ¥ are in bijection with the elements of the Weyl
group W. Each root o C W corresponds to a “half-apartment”. The construction of the building X for A
of rank 2 is explained further in Section 1.4.2 below.

1.4.2. Rank 2. We now specialise to the cases considered in Theorem 1 above. Let A be a generalised Cartan
72m —2m>7 with m > 2. For m > 2 such an A has rank 2. If m = 2 then A is
affine, meaning that A is positive semidefinite but not positive definite. For all such A (affine and non-affine)
the associated Weyl group W is

matrix of the form A = (

W = (wy,wsy | w?,w3).
That is, W is the infinite dihedral group. Let ¢ be the word length on W. The simple roots IT = {ay, as}
are then given by, for i = 1,2,

o; = {w eW | E(wlw) > E(w)} = {1,w3,i,wg,iwi,wg,iwiwg,i, .. }

The set ® of real roots is ® = {wa,; | w € W,i=1,2}.

Now let A be an incomplete Kac-Moody group with generalised Cartan matrix A, defined over a finite
field Fy, where ¢ = p* with p prime. As A is a group with BN-pair, as described above, for i = 1,2, the
parabolic subgroup P; of A is defined by

P, = BU Bw;B.

Since J; = {a;} is a root system of type Ap, and thus is of finite type, now [19, 6.2] applies. Hence, the
group P; has a Levi decomposition P; = L; x U;. Here U; = U NU"Y is called a unipotent radical of P;, and
the group L; is called a Levi complement of P;. The Levi complement factors as L; = T'M;, where T is the
torus of A, and M; = (U,,,U_4,), that is, A1(q) = M; < L;.

To describe the building X for A, we first describe its apartments. Let % be the Cozeter complex for
the Weyl group W (the infinite dihedral group). That is, ¥ is the one-dimensional simplicial complex
homeomorphic to the line, with vertices the cosets in W of the subgroups (w;), for i = 1,2. Two vertices
w(w;) and w'(wy) of 3 are adjacent if and only if w™lw’ = w; for i = 1 or 2. Observe that the set of real
roots @, described above, is in bijection with the set of half-lines in 3. The apartments of the building X
are copies of the Coxeter complex ¥ for W, and so X is a simplicial tree, with the roots corresponding to
“half-apartments”. The chambers of X are the edges of this tree. Since A has symmetric generalised Cartan
matrix A and is defined over the finite field F,, the building X is a (¢ + 1)-regular tree.

1.4.3. Completions of A. We are finally ready to describe the main object of our study: the locally compact
topological Kac—-Moody groups. In order to do this we will have to define a topological completion of the
incomplete Kac—-Moody group A. It turns out that there are several completions appearing in the literature.
For example, Carbone-Garland [9] defined a representation-theoretic completion of A using the ‘weight
topology’. A different approach by Rémy and Ronan, appearing for instance in [20], is to use the action of
A on the building X, as follows. The kernel K of the A—action on X is the centre Z(A), which is a finite
group when A is over a finite field (Rémy [19]). The closure of A/K in the automorphism group of X is then
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a completion of A. For example, when A = SL, (F,[t,t']), the centre Z(A) is the finite group i, (F,) of
nth roots of unity in F,, and the completion in this topology is SL, (F,((t™1)))/pn(Fy) = PSL,(F,((t71))).
To avoid dealing with representation-theoretic constructions or with quotients, we are going to follow the
completion in the building topology, defined by Caprace and Rémy in [8].

So, let A be an incomplete Kac—-Moody group over a finite field, as defined in Section 1.4.1 above. We
now describe the completion G of A which appears in Theorem 1 (for A with generalised Cartan matrix A
as in Section 1.4.2 above).

Let ¢, = By be the chamber of the Bruhat—Tits building X for A which is fixed by B = B,. For each
n € N, we define

Ut n={g€Us|g.c=cfor each chamber ¢ such that d(c,cy) <n }.

That is, U, ,, is the kernel of the action of Uy = U on Ball(cy,n). We now define a function disty : Ax A —
Ry by dist; (g,h) =2if h~lg ¢ U, and dist; (g,h) =27 "if g7'h € Uy andn =max{k € N | g~ 'h € Uy 1 }.
It is not hard to see that disty is a left-invariant metric on A (see [8]). Let G be the completion of A with
respect to this metric. The group G is called the completion of A in the building topology, and we will refer
to G as a topological Kac—Moody group. For example, when A = SL, (F,[t,t~']), the topological Kac-Moody
group G is G = SL,(F,((t™1))).

Some properties of topological Kac—Moody groups that we will need are gathered in Proposition 9 below.
We state these results only for G as in Theorem 1 above, although they hold more generally.

Proposition 9. Let G be a topological Kac—Moody group as in Theorem 1 above, with G being the completion
in the building topology of an incomplete Kac—Moody group A.

(1) G is a locally compact, totally disconnected topological group.

(2) Let B, 0, P, and U; be the closures in G of the subgroups B = By, U = U,, P; and U; respectively
of A. Then B2 T x U and P, 2 L; x U;.

(3) (B,N) is a BN —pair of G. The corresponding building is canonically isomorphic to X, and so by
abuse of notation we will denote it by X as well. The kernel of the action of G on X is the centre

Z(G), and Z(G) = Z(A).

Items (1) and (3) are established by Caprace-Rémy in [8], and item (2) in [8] and [7].

We will refer to B as the (standard) Borel subgroup of G, and to P, and P, as the (mazimal or standard)
parabolic subgroups of G. Alternatively, we may say that B is the Twahori bubgroup of G, and P, and P, are
the parahoric subgroups of G, by analogy with terminology for G = SLy(F,((¢71))). To simplify notation,
when the context is clear we will write B, P, and P, for the Borel and max1mal parabolic subgroups of the
topological Kac—Moody group G, rather than respectively B, P, and P».

1.4.4. Cocompact lattices in G. Let G be as in Theorem 1 above, with Bruhat—Tits building the tree X. By
definition, the vertices of X may be described by VX = G/P, U G/P,, and the edges of X by G/B (here,
we are abusing notation to write B, P; and P, for the standard Borel/Iwahori and parabolic/parahoric
subgroups of the completed group G). It follows that in the G—action on X, the stabiliser of each vertex of
X is a conjugate of either P; or P,, and the stabiliser of each edge of X is a conjugate of B.

The action of G on the vertex set VX thus satisfies the hypotheses of Proposition 8 above. Hence I' < G
is discrete if and only if I' acts on X with finite vertex stabilisers, and I' < G discrete is a cocompact
lattice in G if and only if '\ X is a finite graph. Thus T' < G is an edge-transitive lattice if and only if T’
is the fundamental group of an edge of groups A as in the introduction, with Ag, 4; and As finite groups.
Moreover, the covolume of such a I' is the sum

1 1
NG = T )

In particular, if TV is an edge-transitive lattice in G of minimal covolume (such as the lattices in G =
SLy(Fy((t71))) constructed by Lubotzky in [17]), and I' = A; x4, Az is another edge-transitive cocompact
lattice in G, then |A4;] < |A}] for i =1, 2.
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Note that, by construction, G acts without inversions on its Bruhat—Tits tree X. It follows from Propo-
sition 6 above that if A is a finite subgroup of G, then A is contained in (a conjugate of) a standard
parabolic/parahoric subgroup P; of G.

1.5. Finite groups. In our quest for the cocompact lattices of Kac-Moody groups, we will need to look at
the finite subgroups of G. The following celebrated result of L.E. Dickson and its corollary will be especially
useful for us.

Theorem 10 (Dickson, 6.5.1 of [16]). Let K = PSLs(q), where ¢ = p* > 5 and p is a prime. Set
d=(2,9q—1). Then K has subgroups of the following isomorphism types (in the indicated cases), and every
subgroup of K is isomorphic to a subgroup of one of the following groups:

(1) Borel subgroups of K, which are Frobenius groups of order q(q — 1)/d;

(2) Dihedral groups of orders 2(q — 1)/d and 2(q + 1)/d;

(3) The groups PGLa(p®) (if 2b | a) and PSLa(p®) (if b is a proper divisor of a);
(4) The alternating group As, if 5 divides |K|;

(5) The symmetric group Sy , if 8 divides |K|; and

(6) The alternating group Ay.

Corollary 11. Let K = SLy(q), where g = p* with p a prime, and suppose A is a proper subgroup of K.
If p=2 and q+ 1 divides |A|, then either A = Cyy1, a cyclic group of order ¢+ 1, or A= Dygy1y, @
dihedral group of order 2(q + 1).
Ifp is odd and the image of A in K/Z(K) = PSL2(q) has order divisible by ¢+ 1, then Z(K) = (—I) < A.
Moreover, either A is a subgroup of K of order 2(q+1) such that A/Z(K) = Dq11, a dihedral group of order
q+ 1, or one of the following conditions hold:

)
(2) q=1, A%QSZL,
(3) q=9, A~ SLy(5),
(4) ¢ =11, A= SLs(3) or A= SLy(5),
(5) ¢ =19, A= SLy(5),
(6) g =23, A=25,,
(7) ¢=29, A= SLy(5),
(8) ¢ =59, A= SLy(5).

Proof. Suppose that p = 2. Then d = 1 and SLa(q) = PSL2(gq). Assume first that ¢ > 5. Then if ¢ 4+ 1
divides |A[, Dickson’s Theorem asserts that both C, 11 and Dy441) are the obvious candidates for the role
of A. If not, A would be one of the following groups: A4, S4 or As. Then ¢ + 1 would divide 12, 24 or 60.
Since ¢ is a power of 2 and ¢ > 5, this is not possible, proving the result. Otherwise ¢ € {2,4}, and the
result follows immediately from the structure of K = SLo(2) = S3, and K = SLy(4) & As.

Suppose now that p is odd. This time d = 2 and the image of A in PSLs(q) is a group of order divisible
by g + 1. Since |A] is even while K contains a unique involution —1, (—I) = Z(K) < A. If ¢ > 5, using the
same argument as above, we obtain the desired conclusion. Otherwise ¢ = 3 and K = SL5(3) = QgC3, and
the result follows immediately. O

2. EMBEDDING AMALGAMS IN G

Let I' = A; %4, A2 be an amalgam of finite groups. In this section we describe two methods that we
will use to determine whether I' embeds in a Kac-Moody group G as in Theorem 1 above as an edge-
transitive cocompact lattice. In Section 2.1 we present a special case of Bass’ covering theory for graphs of
groups (see [2]), and in Section 2.2 we prove Lemma 4 of the introduction, which generalises Lemma 3.1 of
Lubotzky [17] on embedding amalgams into the group G = SLy(F,((t71))).
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2.1. Coverings of graphs of groups. Lemma 12 below is a special case of Bass’ covering theory for graphs
of groups [2]. Coverings ® of graphs of groups are defined in Section 2.6 of [2]. The notion of covering that
we use in the statement of Lemma 12 below is a simplification of this definition, and is equivalent to the
covering 0P defined in Section 2.9 of [2]. As explained in Section 2.9 of [2], 0P is a covering if and only if
® is a covering (in the original sense of Section 2.6 of [2]). Moreover, given a (simplified) covering as below,
it is not hard to construct a covering in the original sense. Hence we may work with this less complicated
definition.

Lemma 12. Let
Ay A

o ————e

A()

A:

be a graph of finite groups, defined with respect to monomorphisms «; : Ag — A; fori=1,2. Let G be as in
Theorem 1 above and let G be the graph of groups
G = Py Py

o r——— @

B

induced by the action of G on its Bruhat-Tits tree X, where for i = 1,2, the monomorphism ¢; : B — P; is
inclusion. The following are equivalent.

(1) The amalgam T' = Ay x4, Aa embeds as a cocompact edge-transitive lattice in G.

(2) There is a covering of graphs of groups ® : A — G. That is, there are monomorphisms

po:Ag—=B and p;:A;— P, fori=1,2

such that:

(a) for some §; € Py and dy € Ps, the following diagram commutes:
Ay = Ao = Ay
lm lpo lpz
Pl ad(d1)o¢p B ad(d2)o¢p2 P2

where for i =1,2 and g € P;, ad(8;)(g) = 6:96; *; and
(b) fori=1,2 the map of cosets

Aifai(Ao)  —  Pi/di(B)
induced by
g pi(9)d;
is a bijection.

Proof. A covering of graphs of groups induces a monomorphism of fundamental groups and an isomorphism
of universal covers (see Proposition 2.7 of [2]). The equivalence between (1) and (2) in Lemma 12 then
follows by Proposition 8 above applied to the action of G on X (see Section 1.4 above). (]

2.2. Generalisation of a method of Lubotzky. In [17], Lubotzky studied the lattices of SLy(K), for K a
nonarchimedean local field. An important tool in his work is Lemma 3.1 of [17], in which he gives a sufficient
condition for an amalgam of two finite subgroups of SLy(K) to be a cocompact lattice in G. In Lemma 4,
stated in the introduction, we generalise this lemma, and also prove the converse of this generalisation. Our
proof differs in some details from that of Lubotzky. For convenience we restate Lemma 4 here.

Lemma 13. Let g1 and g2 be positive integers and let X be the (q1 + 1,q2 + 1)-biregular tree. Let G be
a locally compact group of automorphisms of X, which acts on X with compact open stabilisers and with
fundamental domain an edge (x1,x2), where for i = 1,2 the vertex x; of X has valence ¢; + 1.

Suppose for i =1,2 that A; is a finite subgroup of the stabiliser G, such that:

(1) A; acts transitively on the set of q; + 1 neighbours of x; in X; and
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(2) StabAi (1‘3_1) =A;NA,.
Then T = (A1, A), the group generated by A1 and As, is a cocompact lattice in G, with fundamental domain
the edge (x1,x2). Moreover, I' is isomorphic to the free product with amalgamation I' =2 Aq 4,04, A2, and
Iy, = A,;.
Conversely, suppose T is a cocompact lattice in G with fundamental domain the edge (x1,x2). Let A; = Ty,.
Then T' = Ay %4,n4, A2, and A; is a finite subgroup of G, such that (1) and (2) hold.

Proof. Let A be the abstract free product with amalgamation A = A; 4,04, A2 and let ¢ : A — I" be the
homomorphism onto I'. Let a1,...,aq (respectively, by, ..., by,) be representatives of the nontrivial cosets
of A1 N Ay in Ay (respectively, As). A word w € A then has normal form w = a;,bj, - --a;,bj,c where
c € A; N Ay, and possibly a;;, =1 or b;, = 1.

Let e be the edge (z1,22). We claim that d(p(w)e,e) > t for all w € A with normal form as above. For
t = 0 we have p(w) = ¢(c) € A1 N Ay, hence p(w) fixes e, and so d(p(w)e,e) = d(e,e) = 0. For t = 1,
if a;; = 1 (respectively, b;, = 1) then d(o(w) - e,e) = 1 since the edge ¢(w) - e will share the vertex x
(respectively, z1) with e. Otherwise, if neither a;, nor b;, is trivial, we have d(¢(w) - e,e) =2 > 1.

For ¢t > 2, assume inductively that for w’ = a;,b;, - - - a;,b;, ¢, the distance d(p(w’)e,e) >t — 1. Note that
the edge path from e to p(w’)e has the vertex x; in its interior since a;, # 1. Applying the element ¢(b;, ),
which fixes x2 and does not fix e, we obtain d(p(b;, )p(w’)e,e) > (t — 1) + 1 > ¢, and hence (whether or not
a;, is trivial) we conclude that d(¢(w)e,e) >t as claimed.

In particular, we have shown that p(w)e # e unless w € A; N As. Suppose now that p(w) = 1. Then
d(p(w)e,e) = 0 and so w € A3 N Ag, but the map ¢ is injective on A; N Ay, and thus w = 1. Hence A is
isomorphic to I', and we have that I' is discrete. Suppose g € I'y,. If g fixes e then g € A; N Ay, and if ¢
does not fix e then g is contained in some coset of A; N As in A;. Hence I',, = A,.

We claim that I" acts transitively on the edges of X. By induction, every edge of X at distance s > 1
from e can be written as g - e, where g € I' is a word of length s with letters alternating between a; and b;.
Hence T" acts transitively on the edges of X. This completes the proof of one direction of the lemma.

For the converse, the isomorphism I' 2 A; 4,14, A2 is a standard result of Bass—Serre theory. The
inclusion A; < G,, holds because I' < G. Properties (1) and (2) hold since I" acts transitively on the set of
edges of X, with fundamental domain the edge (z1,x2). O

3. PROOF OF THEOREMS 1 AND 2 FOR SLy(F,((t71)))

We are now ready to proceed with a proof of our main results. In this section, we provide a proof of
Theorems 1 and 2 above for the case G = SLy(K), where K = F,((¢t7!)) with ¢ = p®, p a prime. We first
restate Theorems 1 and 2 for this case. Then in Proposition 14 below, we use the Levi decomposition of the
parahoric subgroups P; of GG, together with finite group theory, to restrict the possible vertex groups A; and
As in a cocompact edge-transitive lattice I' = Ay %4, A2 in G. The remaining argument is subdivided into
two cases: p = 2, where we apply Lemma 12 above, and p odd, where we use Lemma 13.

Theorem 1. Let G = SLy(K) with K =F,((t7')) where ¢ = p® with p a prime.

(1) Ifp =2, then (up to isomorphism) there is only one edge-transitive cocompact lattice T in G, namely,
the amalgam of cyclic groups I' = Cyqq % Cyy1.
(2) Ifpis odd and ¢ =1 (mod 4), then G does not contain any edge-transitive cocompact lattices unless
qg=1p € {5,29}, in which case T' = Ay x4, Az where
(a) ifq=05, A1 =2 Ay =2 SLy(3) and Ag = Cy; and
(b) ’qu = 29, Al = A2 = SL2(5) and AO = C4.
(3) If p is odd and ¢ = 3 (mod 4), the following are the only edge-transitive cocompact lattices T in G:
(a) for all such q, T = Ay x4, Aa where fori=1,2, A; is a subgroup of order 2(q + 1) isomorphic
to the normaliser of a non-split torus in SLy(q), and Ay = Cs.
(b) Ifq = 7, I'= Al *Aq A2 where Al = A2 = 254 and AO = C(,‘.
(¢) If q=11, T = A; %4, Az and one of the following holds:
(1) A1 = A2 = SL2(3) and AO = 02,
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(11) A1 = Az = SL2(5) and AO = ClO-
(d) Ifq = 19, I'= A1 *Ao Ag where A1 = AQ = SL2(5) and AQ = 06-
(e) If q=123, T = Ay %4, Az where Ay = Ay =25, and Ag = Cs.
(f) Ifq = 59, I'= A1 *Ao A2 where A1 = A2 = SL2(5) and Ao = CQ.

Proof. Suppose the amalgam of finite groups I' = Ay x4, A2 is a cocompact edge-transitive lattice in G.
Since the Bruhat—Tits building X for G is a (¢ + 1)-regular tree, it follows that the edge group Ag has index
g + 1 in both of the vertex groups A; and As. By Lemma 12 or Lemma 13 above, for ¢ = 1,2 there are
injective group homomorphisms A; < P;, where P; is a standard parahoric subgroup of G. Hence A; and
Ay are finite subgroups of G of order divisible by (¢ + 1). Since the action of G on its Bruhat—Tits tree
X is not faithful if p is odd (it is faithful when p = 2), we must take the kernel of the action Z(G) into
consideration. Thus what we are really looking for are finite subgroups A; of G for i = 0,1, 2, such that
when we look at their images A; in G/Z(G) = PSLy(K), A has index (¢ + 1) in both A; and A, and the
images A; and A, in G/Z(G) have orders divisible by (¢ + 1) as well.

Proposition 14. Let G = SLy(F,((t71))). If X is a finite subgroup of G such that |XZ(G)/Z(G)| is
divisible by (g+1), then X > Z(G) and X is isomorphic to a subgroup A of SLs(q) listed in the conclusions
to Corollary 11 above.

Proof. By Proposition 6 above, each finite subgroup of G sits inside a standard parahoric subgroup of G,
which is isomorphic to P = SLy(F,[[t7!]]). Notice that Z(G) = (—I) is contained inside any standard
parahoric subgroup of G.

The group P may be written as the semi-direct product, with respect to the conjugation action, of

(e )= 1) mr)

Here, U is the principal congruence subgroup of P and is an infinite pro-p group. It contains a natural
chain of subgroups

~ _ a b
L:SLg(q)andU—{<C d)GP

U=U,>Uy> - >U; >

{0 erl( )= ) mir)

We will need the following well-known facts.

where

Lemma 15. The chain of subgroups U; has the following properties:
(1) N U: = {1}.
(2) FEach U; is a normal subgroup of P. In particular, each U; contains U; 1 as a normal subgroup, and
each U; is invariant under the conjugation action of L.
(3) For each i, the quotient group U;/U;11 is an elementary abelian p—group.
(4) The quotient U;/U;1+1 has the structure of an L-module, induced by the conjugation action of L on
each U;.

Lemma 16. Let g € G be an element of order p. Then g is G—conjugate to <(1) I;), for some b € Fy((t™1))

with b # 0, and its centraliser Ca(g) is an elementary abelian p—group.

Proof. As is well known, as an algebraic group G = SLy(F,((t71))) is a group with a BN—pair of rank 1. Its
standard Borel subgroup is B, the group of upper triangular matrices in G, which in turn has a unipotent
radical U, the group of strictly upper triangular matrices.

If g € G is an element of order p, (g) is a closed unipotent subgroup of G. We may now apply the Borel-Tits
Theorem [4], to conclude that (g) < B" for some h € G (in fact, g € U™ < B"), and Cx(g) < Ng((g)) < B".
Now simple matrix calculation finishes the proof. O
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We now use Lemmas 15 and 16 above, together with Corollary 11 above, to prove Proposition 14. Assume
there is a finite subgroup X of P such that (¢+1) divides | XZ(G)/Z(G)|. Then in particular, | X| is divisible
by (¢+1). If X NU =1, then X is isomorphic to a subgroup of L = SLy(g). Using Corollary 11 and the
fact that Z(G) = Z(L) = (—I) we obtain the desired conclusion.

We therefore assume by contradiction that X NU # 1, and so since U = Uy, we have that X N U; # 1.
By part (1) of Lemma 15, it follows that X NU,, = 1 for some n > 1. Choose the smallest such n. The
group X is then isomorphic to a subgroup Y of P := P/U,,, with U,, a proper subgroup of U. Now P = LU
where L = SLy(q) and U = U/U,, is a (nontrivial) p—group. Since Y < P and (¢+ 1) | |Y|, and since Y N U
is a p-group, we have that Y/Y NU = YU /U is isomorphic to a finite subgroup of SLs(q) of order divisible
by (¢+1).

Using Corollary 11 together with the Schur—Zassenhaus Theorem (cf. [1]) we obtain that ¥ must contain
subgroup Z such that either Z = Cy44, or Z is non-abelian of order coprime to p and divisible by ¢+ 1 (if
=9, take Z = C1g < SLy(5) < SLa(9)). Also, ZNU = 1. Without loss of generality we may assume that
< L.

By the minimality of n, we have that H := X NU,,_; # 1. Hence, H is a non-trivial normal subgroup of
X. Since HU,, < U, -1 and HNU, =1, we have H = HU, /U,, < U,_1/U,. Now Lemma 15 (4) implies
that H is a non-trivial elementary abelian p-subgroup of X normalised by Z’ where Z’ = Z is the preimage
of Zin X.

Let h € H be any nontrivial element. Then h is a genuine element of order p of G. By Lemma 16 above,
we may assume without loss of generality that h € U (the group of strictly upper triangular matrices in
G = SLy(F,((t71)))). Moreover Cg(h) = U. But H < Cg(h) since H is abelian, that is, H < U. Hence
Cg(H) =U. Consider the normaliser Ng(H). Since Cg(H) is normal in Ng(H), we have that I/ is normal
in Ng(H), and thus Ng(H) < Ng(U). But Ng(U) = B. In particular, Z' < B. Since Z' is either cyclic of
order g + 1, or is non-abelian of order co-prime to p, this is impossible.

Thus the assumption that X N U # 1 leads to a contradiction, and we have completed the proof of
Proposition 14. O

In order to complete the proof of Theorem 1’, we subdivide the remaining argument into two cases: p = 2
and p odd.

3.1. Case p = 2.

Proposition 17. If p = 2, the appropriate conclusions of Theorem 1’ hold. That is, the only cocompact
edge-transitive lattice in G = SLo(F,((t71))) is the free product T' = Cyiq1 * Cyy1, where Cyyq is the cyclic
group of order q + 1.

Proof. Assume that p = 2. Then by Proposition 14 and Corollary 11 above, the vertex groups A; and As of
I' are either both isomorphic to Cy 1, or both isomorphic to the dihedral group Dy(q1y of order 2(q + 1).
We first show that the amalgam with vertex groups Dy(441) is not a cocompact edge-transitive lattice in G.
By Lemma 12 above, it suffices to prove the following proposition.

Proposition 18. Let A be the edge of groups
A= Doy - Oy — Doy
There is no covering of graphs of groups ® : A — G, where G is the edge of groups for G = P) xp Ps.

Proof. Assume by contradiction that such a covering ® : A — G exists. Recall that the standard parahoric
subgroups of G are P; = SLy(F,[[t7']]) and

e DI ) en)

and that the Iwahori subgroup of G is

B:PlﬂPQ:{<Z Z)epl

c=0 mod tl}.
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Let the edge group Ay = C5 be generated by an involution s. The vertex groups of A may then be given
by the presentations
Ai = (s,t; | 8% =7 = (st;)""" = 1) = Dygy1)

fori=1,2.

Let po : Ag < B and p; : A; — P; (i =1,2) be the monomorphisms as in Lemma 12. It follows that the
elements po(s) € B, p1(t1) € P1 and pa(t2) € P, must all be involutions. By condition (2a) in Lemma 12,
we have that for i = 1,2

(1) pi(s) = dipo(s)d; "

Now applying condition (2b) of Lemma 12, we observe that for ¢ = 1,2, the elements 1, ¢; and st;
represent three distinct cosets of Ag = (s) in A; = (s,t;). Hence the elements §;, p;(¢;)0; and p;(s)pi(t;)d;
must represent three distinct cosets of B in P;. Let

v =6, pi(ti)di.
Then +; is an involution of P;, but v; ¢ B. Similarly, applying Equation (1) above, we have that
(2) (pi(t:)8:) ™" pi(s)pi(ti)ds = 8, pilti)dipo(s)8; * pilti)ds = ~ipo(s)vi

is an involution of P; — B.
We next record the form of involutions of B, P, — B and P, — B.

Lemma 19. The involutions of the edge group B are as follows:

{g€B|g2:l}:{(é ’;)’ be T[], b#o}u{(i i’)‘ cEF [, ¢#0, t_lc}

U{<a 2)‘ abeeF it b#0, e#0, 7 a2+bc:1}.

c

The involutions of the vertex groups P1 and Py which are not contained in the edge group B are as follows:
(1) {ge P —B|g>=1} =

{(i ?)‘ ceF (1], ¢+#0, t‘lfc}

U{(a b)‘ a,bye € F [[t71]], b#0, c#0, t7'tc, a2+bc:1}

(2) {geP,—Blg*=1} =

{(é Zl’)‘ b=b_1t+by+bit 4, b_l%()}

U{(i 2)‘ a,cqu[[tfl]]vb:b71t+b0+b1t*1+.--7b717é0,c7$0, t e, a2+bC:1}.

Continuing with the proof of Proposition 18, suppose first that

po(s) = ((1) ll)) €B

with b # 0. Noting that involutions of P, have diagonal entries equal, we may let

_(¢ [ _
72—(9 e)epg B.

(s)y2 = 1+beg  be?
Y2pP0\S)V2 = ng 1—|—beg .

Now b,e € Fy[[t™!]] hence be? € F,[[t7!]]. But this contradicts y2po(s)y2 € P» — B. So po(s) cannot be
upper triangular. A similar computation using 7, shows that pg(s) cannot be lower triangular.

Using €2 + fg = 1, we compute
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We are left with the possibility that

mi) = (4 1) e

c a

€i i

For¢=1,2 let

We compute
_ (a+be;g;i +ceif; be? + cf?
Yipo(s)Ys = < bg; + ce? a+be;g; +ceifi )
Since v1po(s)y1 € P1 — B, we have that t=1 1 bg? + ce?. As po(s) € B, we have t=! | ¢, so t~! cannot divide
b. Since b € Fy[[t71]], it follows that
b=by+bit "+
with by # 0. Now ~2p(s)y2 € P> — B, so
be2 +cf? =k _it+---

with the coefficient k_; # 0. Since b,es € F,[[t7!]], the leading term k_;¢ must come from cfi. Now
Yo € P, — B so fg =l_qt+--- with [_4 7£ 0. Hence

c=mqt 4.
where my1%2, = k_1, in particular m; # 0. We now have
l=a’+bc=(ag+art™ +-- )2+ (bo+bit '+t ™+ )=ad+ait 2+ +bymt "t +---

and the right-hand side can never equal 1, a contradiction.
We conclude that there is no covering of graphs of groups ¢ : A — G. O

Since the amalgam of dihedral groups Dj(441) cannot embed as a cocompact edge-transitive lattice in G,
the only possibility remaining is the amalgam of cyclic groups I' = Cy11 * Cyy1. Lubotzky proves that this
amalgam does embed as a cocompact lattice in G (Theorem 3.3 of [17]); alternatively one may easily construct
a covering of graphs of groups as in Lemma 12 above. This completes the proof of Proposition 17. |

We remark that Proposition 17 above could have been proved using different results. For example,
Lubotzky showed in [17] that the free product I' = Cy11 % Cy41 is the cocompact lattice of minimal covolume
in G (when p = 2). By the discussion of covolumes in Section 1.4.4 above, it follows that an amalgam with
vertex groups Dy,11) cannot embed in G, since |Dyqy1)| > [Cgy1]. Now, Lubotzky’s result relied upon
Theorem 7 above. It follows (with some work) from Theorem 7 that a cocompact lattice I' in G cannot
contain involutions, which also rules out the amalgam with vertex groups Dy(g41)-

3.2. Case p odd.
Proposition 20. If p is odd, the appropriate conclusions of Theorem 1’ hold.

Proof. Notice that in this case Z(G) = Cy and Z(G) < P;. In fact, Z(G) is the unique subgroup of P; of
order 2. Now Proposition 14 together with Corollary 11 imply that A; N Ay contains Z(G), and that for
i = 1,2 both of the A; are isomorphic to one of the subgroups listed in the conclusions to Corollary 11.

Suppose first that ¢ = 3 (mod 4). If A; is isomorphic to a normaliser of a non-split torus in SLy(g), then
just as Lubotzky in the proof of Lemma 3.5 of [17], we may conclude that I' = A; x4, Ao with Ay = Z(G)
is a cocompact edge-transitive lattice in G. In fact, if p & {7,11,19,23,59}, Lubotzky shows that T' is the
cocompact lattice of minimal covolume. For p € {7,11,19,23,59}, again Lubotzky’s argument shows that
all the possibilities listed in Theorem 1’ hold, and in fact unless p = 11 and A; = SLy(3), they all are the
cocompact lattices of minimal covolume in G.

Assume now that ¢ = 1 (mod 4), and that A; has order 2(¢ + 1) and is such that A/Z(H) = Dg;.
This time the argument of Lemma 3.5 [17] will not work, because as was shown in [18], A; does not act
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transitively on the neighbours of z;. In fact, now Lemma 13 above implies that G does not contain edge-
transitive cocompact lattices unless possibly one of the following holds: ¢ = 5 and A; & Ay = SLy(3), or
q € {9,29} and A; & Ay =2 SLy(5). If ¢ = 5, then indeed A; = SLy(3) acts transitively on the neighbours
of x;, as |A; N Stabg(x3—;)| = 4 = |41 N A, and so |A; : A; N Stabg(x3—;)] = 6 = ¢ + 1, which means
the conditions of Lemma 13 are satisfied. The obtained cocompact lattice is yet another from the series of
examples of Lubotzky of lattices of minimal covolume. Similarly, if ¢ = 29, A; = SLo(5) acts transitively on
the neighbours of z; as |4; N Stabg(xs_;)| =4 = |A1 N Ag|, and so |4; : A; N Stg(zs—;)] =30 =q+ 1, and
again the resulting lattice is the one of minimal covolume.

Finally, suppose ¢ = 9 and A; =2 SLy(5). Assume I' = A % 4,14, Az is a cocompact edge-transitive lattice
of G. Take u € A; of order 3. By Lemma 16, u is conjugate to an element of U, and so without loss of

generality we may assume that v € 4. And so u = <é ?) for some b € F,((¢71)). Consider a sequence of

—n —2n
elements {g,} C B with g, := (t %) . Then g,ug, ! = (1 t b) . Clearly, as n — oo, gpug, ' — lg.

0 ¢ 0 1
In particular, ©< is not closed, which contradicts Theorem 7 above. Hence I is not a cocompact lattice in
G. We have now completed the proof of Proposition 20. O
A combination of Propositions 17 and 20 now completes the proof of Theorem 1’. O

4. PROOF OF THE MAIN RESULT FOR KAC—MooDY GROUPS

In this section we give a proof of our main result in its general setting. Let G be a topological Kac—-Moody
Cm —2m ,m > 2, defined over a field F = F, with ¢ = p*,
where p is a prime. Suppose I' is a cocompact edge-transitive lattice in G with quotient a single edge. Since
G naturally acts on its Bruhat—Tits building X, which in this case is a (¢ + 1)-regular tree, we may apply
Lemma 13 to conclude that I' = A; %4, A2 where A; and A, are finite groups of order divisible by (¢ + 1),
since the edge group A has index (¢+ 1) in both A; and As. Again the action of G on its Bruhat—Tits tree
does not have to be faithful, and so we must take the kernel of the action Z(G) into consideration. Thus
what we are really looking for are finite subgroups A; of G for i = 0,1,2, such that when we look at their
images A; in G/Z(G), Ap has index (g + 1) in both A; and Ay, and both A; and A, are finite subgroups of
G/Z(G) of order divisible by (¢ + 1).

We first show in Section 4.1 below that I" does not contain p-elements (Proposition 5 of the introduction).
We will then use this to prove Proposition 40 below, which restricts the possible finite subgroups A; and
Ay, in analogy with Proposition 14 for the case G = SLy(F,((t!))) in Section 3 above.

group of rank 2 with symmetric Cartan matrix (

4.1. Cocompact lattices do not contain p—elements. In the section we prove the following result, which
was stated as Proposition 5 of the introduction.

Proposition 21. IfT is a cocompact lattice of G, T does not contain p—elements.

Since |Z(G)| | (¢ — 1)?, while we are talking about p—elements, without loss of generality we may assume
that Z(G) = 1, i.e., G is simple. To begin the proof, assume there exists z € I" with 2 = 1 # z. Since
x is an element of finite order, by the celebrated result of Serre (Proposition 6 above), x is contained in a
parabolic/parahoric subgroup of G. Hence, without loss of generality we may suppose that z € B+, a Borel
(Iwahori) subgroup of G. In fact, as B+ = HU+ (see Proposition 9 above), we have x € U+ We now, in
Sections 4.1.1-4.1.3 below, prove the following important lemma:

Lemma 22. Let x be a p—element of U+. Then x fixes an end of X.

In Section 4.2 we will use Lemma 22 and its proof to establish a contradiction, and so complete the proof of
Proposition 21 above.
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4.1.1. Real roots and the structure of U4. In this section we record several results concerning the real roots
and associated root groups, and the structure of Uy.

Recall that the Weyl group W of G is the infinite dihedral group. The discussion in Section 1.4.2 above
then implies that the set ®* of positive real roots is the disjoint union of the sets

(I)}F = {Oél, W12, W1 W1, W1 WaW1Q,y . . .y (’(1)1’[02)”(11, (wlwz)"wlag, .. }
and
q)i = {OZQ, WoX1, WaW1 2, WoW1W2y -+« y ('LUQ'UJl)nCl{Q, (wzwl)"wgal, .. }

Each real root may be identified with a half-apartment (half-line) of the standard apartment . These
identifications, for the positive real roots, are depicted in Figure 1 below.

W1wWwawW1 a2
1
Wwlwat1
1
1 w2
CII‘Jr }
ai
1
wiwawi P2 wiwz Py w1 P Py Py wa Py wawy Pa wawiwz Py
L g g S L g S L g cee
wiwow1 B wiwz B w1 B B wo B wowy B wawiw2 B
1
as
| a2
w201
1
w2wi a2
1
w2aw1wa1

FIGURE 1. The sets of positive real roots ®1 and ®%, with each such root identified with
a half-apartment of the standard apartment 3.

We note that since the generalised Cartan matrix A is symmetric, for any two roots « and o/ in ®%, the
root groups U, and U, commute. Similarly, for any two 3,8’ € (I&, U and U,(/i commute. For ¢ = 1,2 let
V; be the abelian subgroup of U, defined by

Vii=(Uy | a € ).
Lemma 23. U, is the free product of V1 and V.

Proof. By Proposition 4 of Tits [24], the group U, is an amalgamated sum of V4 and V5. But V4 N5 is

trivial since there are no prenilpotent pairs of roots o € q)}k and § € <I>3_. Hence UL = Vp x V5. (]
For any positive integer n, denote by (wi,ws;n) the element wywswy --- of W which has n letters al-
ternating between wy and ws. Similarly, denote by (we,w;n’) the element wowjws - (n' letters). Put

(w1, wsz;0) = (wa,w1;0) = 1. Then every w € W is of the form (wq,ws;n) or (we,wr;n’) for some integer
n>0orn’ >0. For k>0 and k' > 0, define

. [ 1 ifkeven nd i =42 if &' even
TN 2 ifkodd MY OWUT 1 if K odd.

Now for w = (wy,ws;n) and w’ = (we,wy;n’), define
Uw = Uy wnikyas, |0 <k <n) and Uy = <U(u,2,u,1;k/)a%, |0 <K <n).
The next result follows from Lemma 23 above.
Corollary 24. If w = (w1, we;n) and w' = (we,w1;n'), then (Uy, Uyr) = Uy x Uyyr.
We also note that:
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Lemma 25. Let w = (wy,wso;n). Then U, is the direct product of the groups U(wl,w%k)mk, 0<k<n.
Similarly for w' = (we,wy;n').

4.1.2. Action of root groups on X. The group U, acts faithfully on X (Corollary on p. 34 of [7]). We now
determine in some detail how the individual root groups act on the set of edges of the tree X.

We first introduce some convenient notation for the edges of X. We will say that an edge of X is a
left-hand edge if it is closer to the vertex P; than to the vertex P, and a right-hand edge if it is closer to P
than to P;. Then every edge of X except for B is either left-hand or right-hand. See Figure 2 below.

z1()wize()wez:(1)wi B z2(1)wez1 (Nwiz2(1)w2 B

z1(1)wizs(1)wewy B T2 (1)waz1 (1) wiwe B

z1(Dwize(l)we B z2(1)wzz1(1)w1 B

z1(Hwiwzzi (1)w1 B z2(1)wawiza(1)we B

z1(1)wiwawi B z1()wiw2 B z2(1)wowi B z2(1)wawiwe B

wizs(1)waar (1)wi B waz1 (L)wize(1)w B

wiz2(l)wew B waa1 (Lwiwz B

wiwaz1 (1)wy B

wiwswy B

wiwawi P2 wowiwe Py

FIGURE 2. Ball(B,3) in the tree X, in the case p = 2 = g. The edges of X as well as the
vertices of the standard apartment X are labelled.

By Lemma 9.1 of [9], the set of left-hand edges adjacent to the vertex P; is given by {z1(l1)un B | 1 € Fq}.
To simplify notation, we denote by (I1) the left-hand edge z1(l;)w1B. Similarly, the set of right-hand edges
adjacent to Py is {z2(r1)weB | r1 € Fy}, and we write (rq) for za(r1)wqB.

By conjugating, for each 1 € F, the set of left-hand edges in Ball(B,2) — Ball(B,1) which are adja-
cent to the edge z1(l1)w1B is given by {z1(l1)wiza(lo)weB | li,la € Fg}. Denote by (li,l2) the edge
21 (l1)wrz2(l)we B. Similarly, denote by (r1,72) the right-hand edge x2(r1)wex1(r2)wi B, which is adjacent
to xa(ry)waB.

Continuing in this way, for each integer n > 1 the set of left-hand edges in Ball(B,n) — Ball(B,n — 1)
is the set {(l1,...,ls) | {; € Fy}, where (I1,...,1,) denotes the edge z1(l1)w1 ...z;(l,)w; B, with ¢ = 2 if
n is even and ¢ = 1 if n is odd. Similarly for the set of right-hand edges in Ball(B,n) — Ball(B,n — 1).
The standard apartment ¥ then consists of the edge B together with all left-hand edges (0,...,0) and all
right-hand edges (0,...,0).

Having established this notation, we will now show that root groups fix certain combinatorial balls in X.
Lemma 26 below is a sharpening (for our case) of Lemmas 5 and 6 of Caprace—Rémy [8], which state that
if « is a real root such that the distance from the base chamber B to the half-apartment determined by —«
is at least (4”71 —1)/3, then the root group U, fixes Ball(B,n + 1).
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Lemma 26. Let wP; be a vertex of the standard apartment 3. If o is a real root such that o contains the
vertex wP;, and such that the distance from —« to the vertex wP; is at least n, then U, fixes Ball(wP;,n).

Proof. Tt suffices to show that if the distance from —« to wP; is exactly n, then U, fixes Ball(wP;,n). For
all real roots a, the root group U, is a conjugate of either U,, or U,, by an element of W. Lemma 26 then
follows from Lemma 27 below, which considers the case o = ;. O

Lemma 27. Let n > 0 be an integer, and put ¢ = 2 if n is even and ¢ = 1 if n is odd. Then U,, fizes
Ball((we, wi;n)P;,n + 1).

Proof. The proof is by induction on n. We first show that U,, fixes Ball(Pz, 1). Since U,, fixes the edges B
and wy B, it suffices to show that for all ¢ € F, and for all 0 # ry € Fy, x1(¢)z2(r1)weB = x2(r1)weB. For
this, note that

wox1 (H)We = Tya, (€t) and wozs(r1)wy = T4, ('71)
for some €,¢’ € {£1}. Hence x4 (t) fixes x2(r1)we B if and only if x4,q, (€t) fixes 2_4, (¢'r1)B.

Since 1 # 0, the element z_,,(€'r1) € U_,, does not fix any edge in Ball(P2,1) except for wqB.
Thus z_q,(¢'r1)B is an edge in Ball(P,,1) other than B and weB. Thus for some 0 # ] € F,, we have
T—ay(€71)B = Xo, (1] )weB. We then compute

Lwyay (Et)x—O& (EIT’l)B = Twyay (Et)x(w (Tll)wQB
= Ta (rll)xwzch (Et)’lUQB
= Tay (r/l)waal(t)B
= Tay(r])unB

T—_q,(€'r1)B.
Thus U,, fixes Ball(Ps,1).

Assume inductively that Uy, fixes Ball((we,w1;n)P;,n + 1), where ¢ = 2 if n is even and i = 1 if n is
odd. To prove that U,, fixes Ball((wq,w1;n + 1)P3_;,n + 2), suppose first that n is even, with n = 2k say.
Then the inductive assumption is equivalent to the positive root group (wiws)*Us,, (wow:)* = Ulwywa)*an
fixing Ball(Pz,n +1). We will show that Uy, w,)kw,a, fixes Ball(Pr,n+2), hence U, fixes Ball((wg,w;n +
1)P1,n + 2) as required.

We first prove that U, )kw,a, fixes all left-hand edges (I1,...,ln42). Given (ly,...,l,12), there are
constants I, ...,1;, o € Fy such that

xl(l1)w1x2(l2)w2 ce l‘g(ln+2)UJ2B =T— (l’l)xg(l’g)ngl(lé)wl ce Z‘Q(Z;H_Q)wQB.
Now the edge w1(l5)wy - x2(l;,,5)weB is in Ball(P2,n + 1) hence by inductive assumption is fixed by
Ulwiws)ka,- We then compute that for all ¢ € Fy,
T(wows ) kPwaay (t> ' (lla ZQv BERE) ln-‘r?) = L(wawi)kwaay (t)x 041( )xOQ (l )waal (lé)wl Loy (l;L—i-Z)wQB

= ooy (11)%as (12)T (wywr) bwsar ()W2Tay (5)w1 - Tay (1 0) w2 B
= Ty (11)Tas (12)W2T (g wo ) oy (€0) Ty (3)W1 -+ Tay (17, 40) w2 B
= ‘T*Oél( )l‘a2(l )wQ"Eal (13)w1 waz(ln+2)w23
= (... lhg2).

Thus Uy, )kwsa, fixes all left-hand edges (1, ..., lnt2)-

/
2
/
2
/

We now show that Uy, )kw,a, fixes all right-hand edges (71,...,7,41). For this, the inductive assump-
tion implies that for all ¢ € IF,
J"(UJz’wl)k’W2Oél (t) : (Tla cee vrn-i-l) = x(wgwl)kwgal (t)xaz (Tl)wQ Loy (Tn-l—l)wZB

= Zay (rl)x(wzwl)kumal (t)waal (TQ)wl Ty (’I”n+1)wgB
= Za, (Tl)'lUQIL'(wlwz)kal (et) o, (T2)w1 « Ty (Tpg1)wa B
= Tay (rl)meOq (T2)wl o Tas (Tn+1)w2B

= (T, Tnt1)-
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Thus Uy, )kwsa, fixes all right-hand edges (r1,...,7n41).

Since Uy, )kwya, fixes all left-hand edges (l1,...,ln12) and all right-hand edges (71,...,7,41), it fixes
Ball(Py,n 4 2). This completes the proof of the inductive step for n even. The proof of the inductive step
for n odd is similar. This completes the proof that Uy, fixes Ball((ws,w1;n)P;,n+ 1) for all n > 0. O

Now that we have determined that certain combinatorial balls are fixed by root groups, we consider how
these root groups act elsewhere on the tree X. For this, we first discuss how the root groups U, for a € <I><1F
act on left-hand edges, and how the root groups Ug for § € <I)3_ act on right-hand edges.

Lemma 28. Let (I1,...,1,) be a left-hand edge. Then for all 0 < k < n —1, there is an € € {+1} such that
for allt € Fy,

x(wly'LUQ;k)aik (t) . (ll, .. ,ln) = (ll, .. .7lk,lk+1 + 6t,lk+2, .. ,ln)

Similarly for the action of Uwyw,k)a, on Tight-hand edges.
IC/

Proof. Tt suffices to show by induction on k > 0 that for any {4,...,l; € Fq,
(3) T(wy waik)ar, (DT1(I)wiza(l2)ws - 24 (I) = 1 (l)wiza(l2)ws - - @4, (le1 + €t).
In the case k = 0, 21(t)z1(l1) = 21(l1 + t) and we are done. For k = 1, since U,, and Uy, 4, commute,
there is an € € {£1} such that
Twian (W21 () wiza(lz) = 21(11)Tw, 0, (Hwrz2(12)
= X (ll)wlxg(et)xg(lg)
xl(ll)wll‘g(lg + Et).

For k > 2 we compute that for some €, ¢ € {1},

x(wl,wg;k)aik(t)xl(ll)w1x2(l2)w2 = wlx(wg,wl;k—l)aiék )(Gt)w1$1(11)w1$2(l2)w2
.71/

= wlm(wg,wl;k—l)ai/ (Et)xfl(elll)xZ(IZ)UQ
-1y

- wlgc_l(e’ll)362(lg)av(wwﬂl;k,l)o{i2 ) (et)wo
k—1)
= z1(l)wiz2(l2) W2 (wy woik—2)as,_, (1)

The result then follows by induction. ]

We now describe the action on certain left-hand edges of certain root groups Ug, where 5 € <I>i. We first
discuss the action of U,, on left-hand edges (I1,l2). For this, the following formula will be needed.

Lemma 29. Fora,t € Fy with a # 0, the following statement holds:
z1(a)wize(H)weB = x_1(a™ M) za((—a) ™) wyB.
Here —m is the off-diagonal entry in the generalised Cartan matriz A for G.
Proof. To show that z1(a)wize(t)waB = z_1(a™)z2((—a)"™t)ws B is equivalent to showing that
woxo(—(—a) ™)z _1(—a 1)z (a)wize()ws € B. (%)

Now, denote by = := z_1(—a"1)z1(a)w;. Clearly x € Ly, and in fact, z € M;. As M; is a homomor-
phic image of SLs(q), i.e., is isomorphic to either SLy(g) or to PSLs(q) under the natural identification

( (1) ; ) — x1(r), ( 11n (1) ) — z_1(r) and ( 8 591 ) — hi(s), by explicit calculation we obtain that

z = x1(—a)hi(—a).
Thus (x) is equivalent to proving that

wae(—(—a) ")z (—a)h (—a)za(t)wy € B (k)
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But hi(—a)z2(t)we = hi(—a)ze(t)hi(—a) thi(—a)ws = x2((—a) ™t)hi(—a)ws = xo((—a) ™t)wsh for
some h € H. Since H < B, (*x) is equivalent to
waa(—(—a)""t)z1 (—a)xa((—a)"™t)we € B
which is the same as
To(—(—a) ™)z (—a)za((—a)™™t) = x1(—a)®(" ("9 " ¢ w2,

Notice that z1(—a) € Us, while xa(—(—a)™™t) € P,. But Uy < Py, and so x1(—a)®(~(=0) ") ¢ ;.
Therefore it remains to show that U, < B"Y2. Now, B = HU,, and so B*> = H"2U}”. Hence if we can
show that U, < UY?, we will be done. Recall that U, = (U, | @ € &1 U ®2). Therefore

UL? = (Uy | @ € wa (L UPL)) = (Us | @ € &L U (@2 — {a2}) U {—an}),
ie., Uy? = UpU_,, which finishes the proof. O

We may now describe the action of U,, on the set of left-hand edges (I3, [2):

Corollary 30. There is an automorphism ¢ of the additive group (Fq,+) such that for all t € F, and all
left-hand edges (I1,12),

2a(t) - (11, 12) = { (bl vo) 020

Proof. Consider z5(t) - (I1,12), where I3 # 0. As (I1,12) = z1(l1)wiz2(l2)wa B, using the previous lemma we
have

l’g(t)wl(h)’wlxg(lg)’wQB = ‘CCQ(t)iC,al (Zl_l)l'g((fll)imlg)UJQB =T—_q, (l;l).’ﬂQ(t + (*ll)imlg)’lUQB.
Again using the previous lemma, we obtain that
[ — (ll_l)$2(t + (—ll)imlz)’wgB = 1‘1(11)1011‘2(12 + (—ll)mt)wgB.

Since for each Iy € Fy, the map ¢(t) := (—I1)™t is an automorphism of the additive group (F,,+)
as required, we obtain the desired result. The fact that z3(t) fixes (0,l2) is a consequence of Lemma 26
above. g

Corollary 31. The action of Uy, a, on the set of left-hand edges {(I1,12)} commutes with that of U, .

Proof. By Lemma 26 above, the group U, fixes each edge (0,l2). The corollary then follows by Lemmas 28
and Corollary 30 above. ]

We will in fact need the following generalisation of Corollary 30 above. The proof of the following lemma
is similar to that of Corollary 30.

Lemma 32. For eachn >0 and 0 <k <n,let N=n+ (n+1+k) and & = (wa, w1; k), where i’ =2
if k is even and i’ =1 if k is odd. Then there is an automorphism ¢ of the additive group (Fy,+) such that
for allt € F, and all left-hand edges (0,...,0,lpq1,lnt2s -, Iny IN$1),

(07"'7O7ln+1aln+27'"7ZN7ZN+1 +¢(t)) ifln-i-l 7& 0
(0, 0 Lr Lsa Iy Iy = :
Tor(t) - ( +15bn+2 Ny INt1) {(0,...,O,ln+1,ln+2>-~~7lNalN+1) if ln+1 = 0.

Corollary 33. In the notation of Lemma 32 above, the action of U, on the set of left-hand edges
{(0, ey 0, ln+1,ln+2, ey lN, lNJrl) ‘ lj c Fq}

commutes with that of each root group U(wl,wz;j)aij , form<j<N.
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4.1.3. Proof of Lemma 22. We are now ready to prove Lemma 22 above, which says that a p—element of U+
must fix an end of the tree X. Let x € U+ with 2P = 1 # x. Assume by contradiction that z does not fix
any end of X. Then there is a smallest integer n > 0 such that no edge in Ball(B,n + 1) — Ball(B, n) is fixed
by x. We first consider the case n = 0, and then generalise the argument for this case to the cases n > 1.
Suppose n = 0. Then every edge in Ball(B, 1) except for B is moved by z. For i = 1,2, consider the
restriction of z to Ball(P;,1). By Lemma 26 above, the only positive root group which acts nontrivially on
Ball(P;,1) is U,,. Hence for ¢ = 1,2, there is a 0 # ¢; € F, such that
z|Ban(p;,1) = Ti(ts)|Ban(p,,1)-

Now consider the restriction of « to Ball(B,2). By Lemma 26 above,
T|Ban(B,2) = YlBan(s,2) for some y € (Ua,, Uay, Uwias, Uwsa, )-
By Lemma 24 above,
<Ua17 Uag y leag ’ Uw2a1> = <Ua13 Uw1a2> * <Ua27 Uw2a1> = le * Uwg .

Hence the element y can be written uniquely as a word in letters alternating between nontrivial elements of
U, and nontrivial elements of U,,,. Moreover, for i« = 1,2 by Lemma 25 above each nontrivial element of
Uy, can be written uniquely as a product x;(8;)ZTw,;as_, (8}), wWith s;,s; € F, and at least one of s; and s
nonzero. Thus there is a canonical word for y with letters in Uy, , Ua,, Uwya, and Uyyay -
Let z € Uy, *U,, be the element obtained by deleting from this canonical word for y all nontrivial elements
of Uy, o, and Uy,a,. Note that z is well-defined, and that z can be written uniquely as a word
z =x1(t11)T2(te1)x1(t1,2)x2(t2,2) - - - T1(t1,m )2 (t2,m)
where for ¢ = 1,2 and 1 < j < m we have t; ; € F;, with possibly ¢;; = 0 and possibly t2,,, = 0, but all
other ¢; ; # 0. By definition of the elements y and z, and using Lemma 26 above again, for ¢ = 1,2
2|Ball(P;,1) = YlBan(p,,1) = Z|Ban(p,,1) = Ti(ti)|Ban(p;,1)-
Hence for i = 1,2
tinttig+ - +tim=1#0.
Denote the set of left-hand edges in Ball(B,2) — Ball(B, 1) by

E = {(ll,lg) | ll,lg S Fq}

By Lemma 26, the root group Uy,q, fixes each edge in E. The root group U,,«, commutes with U,,.
By Corollary 31 above, the action of Uy, o, on E commutes with the action of U,, on E. Therefore there is
a t € F, such that

| = YlE = Twas (t)2]E-
Moreover,
2P|p = idp = (Tw,a, (t)) 2P| = 2P|
That is, zP fixes each edge in FE. The following lemma shows that this is impossible, and we thus obtain a
contradiction. Hence in the case n = 0, £ must fix an end of X.

Lemma 34. Let
z =x1(t11)T2(te1)x1(t1,2)x2(t2,2) - - - T1(1,m )2 (t2,m)
as above, with
ti1+tio+ - ttim =1t
fori=1,2. Then 2P fixes each edge in the set of left-hand edges

E = {(ll,lg) | ll,lg S Fq}
if and only if to = 0.
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Proof. Let (l1,12) € E. We first compute z - (I1,12). To simplify notation, we assume that the automorphism
¢ in Corollary 30 above is the identity. For each 1 < j < m, let (L1 ;, L2 ;) € E be the edge

(L1,j, La,j) = w1(taj)wa(ta,) - @1(tim)w2(tem) - (I, 12).
Then for 1 < j <m,
Lij=ti;+ - +tim+1.
Putting L1 m+1 =1l and Lo yqq =1, for 1 <j <m
Ly, = { Laj+1 if Lyj41 =0
’ to;+ Loji1  if Lyj41 #0.
Defining t,,4+1 = 0, it follows that for 1 < j < m,
Ly, = { Ly j1 1+t tim=—b
’ toj+ Lojy1 Mt Ftim #
Thus
2 (l1,l2) = (L1, Lop) = (tig + -+ tim + 11, Lay) = (I 4+ t1, La)
where

L2,1 =S lg +t2 — Z t2,j
t1, i1+ -+t m=—11
Using this computation and the fact that pt; = pto = 0, we determine that for all (I1,12) € E,
2P (1) = (I, 1)

where

=1y — Z ta,; + Z toj+ -+ Z t2,j

t1 i1+t m=—l t1jp1+ A+t m=—(l1+t1) t1 41+ +tr,m=—(1+(p—1)t1)

Now 2P fixes each edge in F if and only if 15 = l5. In this case, for each i; € Fy,

Z toj | + Z toj | +---+ Z toj ] =0.

ti 41t ttr,m=—1 t1 41ttt m=—(l1+t1) tgrit e m=—(l+(p—1)t1)

Recall that ¢ = p®, and choose a set of representatives {l11,...,01,,} C Fy of the orbits of the map | — [ +t.
By adding together the previous equation for each of Iy =111, ..., {1 = l1,4, We obtain

> > ta; | = 0.

1€Fg \t1,j+1+Ft1,m=—1
Each sum ¢ j41 + - - 4 t1,m appears exactly once on the left-hand side, therefore 2 fixes each edge in E if
and only if
to1+ - +ta;, =0
But t3 1 + -+ t2,, = t2, so we are done. O

Before considering the cases n > 1, we note the following corollary to Lemma 34 above.
Corollary 35. Let z be as in Lemma 34 above. Then zP fizes Ball(B,2) if and only if t1 = t2 = 0.

Proof. Since pt; = pta = 0, by considering the action of U,, and U,, on Ball(B,1) we see that 2P fixes
Ball(B, 1) for all values of t; and t5. A similar argument to that used for Lemma 34 above shows that z?
fixes the set of right-hand edges

{(’I“l,’/‘g) | r1,Te € ]Fq}
if and only if £, = 0. Hence 2P fixes the set of edges in Ball(B,2) — Ball(B, 1) if and only if t; = to = 0, as
required. (Il
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We now generalise the argument for n = 0 to the cases n > 1. Recall that we chose n to be the smallest
integer such that no edge in Ball(B,n + 1) — Ball(B,n) is fixed by x. By the minimality of n and the
assumption n > 1, there is an edge in Ball(B,n) — Ball(B,n — 1) which is fixed by z. The next lemma follows
from the proof of Lemma 14.1 in [9].

Lemma 36. For any left-hand edge (I1,...,1,) in X, there is an element u € Uy such that u - (l1,...,1,)
is the left-hand edge (0,...,0). For any right-hand edge (r1,...,r,) in X, there is a v € Uy such that
v (r1,...,1my) is the right-hand edge (0,...,0). Moreover, v can be chosen to fix all left-hand edges in the
standard apartment 3.

Using Lemma 36, we may assume without loss of generality that x fixes the left-hand edge (I3, ...,1,) =
(0,...,0). Let wP; = (w1, ws;n)P; be the vertex of ¥ at distance n from P; on the left-hand side, and let
a = (wy,ws;n)a; (here i =1 if n is even and ¢ = 2 if n is odd). Then by Lemma 26 above,

Z|Ball(wP,,1) = Za(t)|Ball(wp,,1) for some 0 # t € F,.

Let 0 < k < n be the largest integer such that x fixes a right-hand edge in Ball(B, k) — Ball(B, k — 1). If
k > 1 then by Lemma 36 above, we may assume that x fixes the right-hand edge (0,...,0) in Ball(B, k) —
Ball(B,k — 1). Let w' Py = (w2, w1; k) Py be the vertex of ¥ at distance k from P, on the right-hand side,
and let o = (wq,wy; k)ay (here i’ = 2 if k is even and ¢’ = 1 if k is odd). Then by Lemma 26 above,

$|Ball(w’Pi/,1) = fa/(t/”Ball(w’Pi/,l) fOI' some 0 # t/ S ]Fq.

Note that the distance from wP; = (w1, wa;n)P; to w' Py = (wq,wy;k)Py is exactly n + 1 + k. Let
N =n+ (n+1+k), and consider the restriction of = to Ball(B, N + 1). (In the case n = 0 above, k = 0
and thus N = 1.) Then as in the case n = 0 above,

$|Ba11(B,N+1) = y\Ban(B,NH) for some y € U(’wl,’wz;N) * U(m,wl;N)'

Note that Uy < U, wo;ny and Usr < Uiy op;n)- Let 2 € Uy * Uy be the element obtained by deleting
from the word for y all letters except those in U, or U, . By definition of the elements y and z, and using
Lemma 26 above again,

Z\Bau(wPiJ) = y|Ball(wPi,1) = xlBall(Pi,l) = l‘a(t)|Ba11(wPi,1)
and similarly for Ball(w'P;/, 1) and x4/ (t').
Consider the following set of left-hand edges in Ball(B, N + 1) — Ball(B, N):
E = {(0, C ,0,ln+17ln+2, o ,lN,lNJrl) | lj € Fq}

Since x fixes the left-hand edge (I1,...,1,) = (0,...,0), the element = preserves E. Moreover, since x fixes
the left-hand edge (I1,...,1,) = (0,...,0), which is not fixed by each of Uy, Uw,ags - - - 5 Utwn wain—1)aus, >

l“E = yllE for some y/ € <U(w1,w2;n)aia ) U(wl,wQ;N)ociN> * U(U)Q,wl;N)'
Also, x fixes the right-hand edge (0, ...,0), which is not fixed by each of Un,, Uw,ays- - > Utws,wisk—1)a, >
‘k—1
SO
1‘|E = y//|E for some y// € <U(w1,w2;n)aia ceey U(wl,wQ;N)ociN> * <U(w2,w1;k:)a7¢;€ P U(wg,wl;N)ai/N >
Now by Lemma 26 above, for all j > k+1 the root group Uy, ,w, ;j)a, fixes Ball(wP;,n+1+(k+1)). Thus

for all j > k+1, the root group Uy, w,;j)a,, fixes each edge in E. Hence, recalling that Uss = U(w, w;:k)a,

w13]
we have that
z|p = y"'|p for some ¥ € (Utw, waim)ass - - - U(wl,w2;N)OtiN> * Uy
Next, for each n < 7 < N, the root group U(w17w2;j)04ij commutes with Uy = U(w, wyin)a;- By Corollary 33
above, for each n < j < N the action of the root group U(wl’wz;j)aij on F/ commutes with that of U, on E.
We conclude that there is a p—element 2’ € U, which commutes with z on E, such that

/I/|

tlg=ylg=ys=y"lg=y"|p =22,
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hence
aP|p =idp = (¢)P2P|p = 2P|E.
That is, zP fixes each edge in E. The proof that this is impossible with ¢’ # 0 is similar to the case n = 0
above.
This completes the proof of Lemma 22. That is, we have shown that a p—element of U+ must fix an end
of the tree X.

4.1.4. Completing the proof of Proposition 21. We now show how Lemma 22 may be used to complete the
proof of Proposition 21. Since each real root « determines a half-line (half-apartment) in the standard
apartment > of X, each real root a determines one of two possible ends of X. Denote by e; the end of X
determined by a1, and by ez the end of X determined by as. Then by definition of ®1 and ®2, each root
in (I><1F determines the end e, and each root in <I>2+ the end e;. Define the group —V5 by

Vo 1= (Us | —x € ®%).

Then the groups V; and —V5 fix the end e;.

Following the notation in Section 14 of [9], we put

U:=ViU—V,
and
Br = ﬂ wBw™!
weW

Note that Bz fixes the standard apartment ¥ pointwise.

Now take g € G such that g induces the element 7 := wywy € W. The element 7 acts as a translation
along the standard apartment X, with translation length two edges (chambers), and with attracting fixed
point e; and repelling fixed point es. Let R be the subgroup of G generated by ¢ (in [9], the group generated

by g was called T', but for us T is already a fixed maximal split torus). Finally define B be the stabiliser in
G of the end e;.

Proposition 37 (Theorem 14.1, [9]). The group R normalises both U and Bz, and
B =BtUR = BrRU = URBr = UBzR.

Proof. Although Carbone—Garland used a different completion of the Kac—Moody group A, their proof goes
through in the building topology. O

‘We next consider the structure of Bz.
Lemma 38. Let b € Bz be an element of finite order. Then the order of b divides p — 1.

Proof. From the definition of Bz, we have b € B* for every w € W. By Proposition 9 above, B = T U+
For all w € W, BY = T x U+ as W normalises T. Thus b € T x U+ for every w € W. As |T| | (¢ — 1)?
and exp(T) =q—1,y:=b""1 ¢ U+ for every w € W. In particular, y is an element of U+ which fixes the
standard apartment Y. Since for every u € U+ either u is a p—element, or its order is infinite, it remains to
show that y is not a p—element.

Assume by contradiction that y? =1 # y. Since y is in U+, there is a sequence of elements y,, in U, such
that lim,,_,co yn = y. Without loss of generality, we may assume that y,, agrees with y on Ball(B,n). Then
by Lemma 26 above, without loss of generality, y,, is an element of the free product of

U('wl,wg;n—l) = <Ua17 leaga ey U(wl,wg;n—l)a,-n_l >

and
U(w2,w1;n*1) = <Uf¥2’ Uw2a17 .. U(wg,wl in—1)a, >

—1
Since y? = 1, yP fixes Ball(B,n). Put z, = y2. We claim that z, = 1. We first consider the case
n = 1. Then y; € Uy, * U,,, so y1 has the same form as the element z in Lemma 34 above. Now y; fixes
the intersection of the standard apartment with Ball(B, 1), so we have t; = {2 = 0 in this case. Hence by
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Corollary 35 above, the element z; = y} fixes Ball(B,2). But by Lemma 28 and Corollary 30 above, if the
element z; of U,, * U,, fixes every edge in Ball(B,2), then z; fixes every edge in X. Thus, as U+ acts
faithfully, z; = 1. The proof that z, = 1 for n > 1 is similar, using the analogous results for actions of root
groups on larger balls in X.

We now have that 1 = z, = y?, so each y, is a p-element of U,. By Lemma 23 above, Uy is the free
product of V4 and V5, hence any finite order element of U, is contained in a U,—conjugate of either V; or
Va. Without loss of generality, pass to a subsequence of the y,, so that each y,, is an element of u, Vju_ ! for
some u, € U;. Now y, fixes the intersection of Ball(B,n) with the standard apartment ¥. Thus the root
groups in u,Viu, ! include the first n root groups in V;. Therefore y is in Vi. But by the definition of the
building topology, if y € V; fixes the standard apartment, then y = 1, a contradiction. O

Now consider our element = € U+ NT of order p. By Lemma 22 above, x fixes an end of X. By Lemma 36
above, the completed group U+ acts transitively on the set of left-hand ends of X (where a left-hand end is
one corresponding to a ray emanating from P; and containing only left-hand edges). Thus we may assume
without loss of generality that x fixes the end e, that is, x € B.

Using the decomposition given in Proposition 37 above, x = wubr for some v € U, b € Bz and r € R.
The group R is infinite cyclic, normalises By and U, and has trivial intersection with Bz and U (recall that
Z(G) =1). Since zP = 1, we may thus assume that r = 1, so that x = ub. In fact, since x € U+, ue V.
Now for y € G define

n

faly) = 9"yg~
where (g) = R. Then for all n € N,

To complete our proof, we consider the limit of this expression as n — oc.

Lemma 39. For each u € V;, lim falu) =1g.
n—oo

Proof. For n € N, let g@" be the closure of the group ¢"Vi¢g~" in the building topology. Since conju-
gation by g is a homeomorphism, we have

(4) g Vig™" =g"Vig ™.

By Lemma 26 above, if —« is a real root such that the distance from a vertex (either P; or P,) of the
base chamber B to the half-apartment determined by —a is at least n + 1, then the root group U, fixes
Ball(B, n). For each o € @1, consider the group

fn(UOé) = gnUag—n = Urnq-
The root —7"a is by definition the complement of the root 7"a = (wyws)"a € L. Since a € 4 and 7
acts by translation by two edges with repelling fixed point es, the distance from —7"« to the edge B is thus
at least 2n > n + 1. Hence for each o € ®} and each n € N, the group f,(U,) fixes Ball(B,n) pointwise.
Therefore for each n € N, the group f,, (V1) fixes Ball(B,n) pointwise.

By Equation (4) above and the definition of the building topology, it follows that for each n € N the
group fn,(V1) = ¢"Vig™™ fixes Ball(B,n) pointwise. Hence for all u € Vi, f,(u) — 1¢ as required. O

Since x = ub with u € Vl, Lemma 39 above implies that
A5 o) = g, Fulb):
Now, b € Bz and Bz is a closed subgroup of B normalised by R. Therefore, lim, o fn(b) € Bz. Recall
that by Lemma 38 above, if y € Bz is an element of finite order, then o(y) | (¢ —1). Now, as o(x) = p,

o(fn(z)) = p for all n € N. And so o(limy, o0 frn(2)) divides p. That is, o(lim, 0 fn(2)) is either 1 or p.
But since lim, oo fn(2) is in Bz, we may conclude that

lim f,(x) =1g.

n—oo

This contradicts Theorem 7 above. We conclude that a cocompact lattice I' of G does not contain p—elements.
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4.2. Completing the proof of the Main Theorem. Before we continue with the proof, let us recall that
if P is a maximal parabolic/parahoric subgroup of G, then P has Levi decomposition P = LU, where U is
an infinite pro-p group, while L = T'M where T' < P is a torus of G and A;(q) = M < L.

Proposition 40. Let X be a finite subgroup of G which is contained in a cocompact lattice, and such that
| XZ(GQ)/Z(G)| is divisible by (q+ 1). Then X is contained in a mazimal parabolic/parahoric subgroup P of
G. Moreover, X is isomorphic to a subgroup ToH of a Levi complement L of P, where Ty < Nr(H) and
H< M.

Forp=2, H=Cg.

Let p be an odd prime. If A1(q) is universal, that is, if M = SLo(q), then H is a subgroup listed in
the conclusions to Corollary 11. Otherwise M = PSLy(q) and H = A/{—I) where A is a conclusion to
Corollary 11. But ifp=3 and q=9, H/Z(H) % As.

Proof. By a celebrated result of Serre (Proposition 6 above), each finite subgroup of G sits inside a standard
parabolic/parahoric subgroup P of G. Since X is a subgroup of a cocompact lattice of G, by Proposition 21,
X does not contain any p-elements. Hence, without loss of generality, X < L and (|X|,p) = 1. The desired
result now follows immediately from Corollary 11. g

We are now about to finish the proof of our main result. Clearly, if p = 2, it follows immediately by
Proposition 40 and Lemma 13. Suppose now that p is odd.

First, let ¢ =3 (mod 4). By Lemma 13, we conclude that I' = A; %4, A3 where for i = 1,2, A; is a finite
subgroup of G and conditions (1) and (2) of Lemma 13 hold. Invoking Proposition 40, we obtain a list of
suitable candidates for the role of the A;’s, that is, A; = AgH; with Ag < Np(H;) and H; = H as above.
Now, just as Lubotzky in the proof of Lemma 3.5 of [17], we conclude that I' = A; x4, A3 with Ay < Np(H;)
is a cocompact edge-transitive lattice in G.

Assume though that ¢ = 1 (mod 4) and H; is again isomorphic H in the statement of Proposition 40.
Suppose first that H; is isomorphic to a normaliser of a non-split torus in M; = A;(¢q). This time the
argument of [19; Lemma 3.5] will not work, as was already shown in [20]. Let us briefly explain the reason.
In its action on the tree, we assume that P; fixes a vertex x;. Now, L; and thus A; act on the set of neighbours
Q; of ;. Since Ag < T, A; = ApH; intersects a one-point stabiliser B; of L; in a subgroup of index 4/d,
that is,

where d = 2 if M; = SLs(q) and d = 1 if M; = PSLy(q). Hence, the length of the orbit of A4; in its
action on €); is at most W = %1. That is A; is not transitive on ;. Now Lemma 12 implies that
G does not contain edge-transitive cocompact lattices unless possibly one of the following holds: ¢ = 5 and
By 2 By & A1(3), or ¢ = 29 and By & By & Ay(5). If ¢ = 5, then indeed A; acts transitively on the
neighbours of x; as |A; N Stabg(z3—;)| =4 = |A; N A3, and so |A; : A1 N Stabg(xs—;)| = 6 = ¢ + 1, which
means the conditions of Lemma 12 are satisfied. Similarly, if ¢ = 29, A; acts transitively on the neighbours
of z; as |A1 N Stg(xs—;)| =4 = |A1 N Asz|, and so |A; : Ay N Ste(xs—;)| = 30 = ¢+ 1, proving the result.
This completes the proof of Theorems 1 and 2 in the general case.

5. REFINEMENTS OF MAIN RESULTS AND VOLUMES OF COCOMPACT LATTICES

In this section we prove Theorem 3 of the introduction, on the minimal covolume of cocompact lattices in
(. The main results are Lemmas 43 and 45 below, which show that a cocompact lattice of minimal covolume
in G is edge-transitive. While proving these, we will be able to refine the statements of our main results.
We will restrict ourselves to the generic cases: either p = 2, or if p is odd, to ¢ > 60 or even ¢ > 300. Of
course our discussion can be carried out in the same fashion for the case when p is odd and ¢ < 300, but we
decided to skip it in order to have “cleaner” statements.

As before, for i = 1,2, let P; be the stabiliser of a vertex in G, that is, a maximal parabolic/parahoric
subgroup of GG. Recall that P; & P,, and if L; is a Levi complement of P;, then L; = TM; where T' < B <
P, NP, is a torus of G, and A;(q) =2 M; < L,. Now M; is normalised by T', and T'N M; induces what are
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called inner-diagonal automorphisms on M; = A;(q). However, there are clearly various possibilities for the
action of elements of T'— T'N M; on M;. In particular there are two obvious cases:

Casel: Fori=1,2,[T/TNM;,M;]=1, and Case 2: Fori=1,2, [T/TNM;,M;]#1.
In fact, we are going to organise our discussion based on this fairly trivial observation.

5.1. Case 1. In this case L; = M; 0T}, that is, L; is a central (commuting) product of M; and T; = Cp(M;).
It is possible but not necessary that T; N M; = 1.

Examples. Let G correspond to the generalised Cartan matrix A = <22 _22>

(1) Let p = 2 and G = Gy, the universal version of the group. Then G is a central extension of
SLy(Fy((t™1))) by F), and so L; = Cy—y x PSLy(q) with TN M; =1 and |T;| = ¢ — 1.
(2) Let p be an odd prime, and G 2 SLy(F,((¢t71))). Then L; 2 SLsy(q) with T; = TNM; = (—1I) = Cb.

Let I' be an edge-transitive cocompact lattice of G. Then I' is one of the conclusions of Theorem 1.
Therefore up to isomorphism I' = A; %4, Ao where for i = 1,2, A; = Ago H; with A; < P, H; < M,
Ag < Np(H;) and H; is as described by Theorem 1.

Ifp=2 Ay < Cpr(H;) = Cp(M;) = T;. If pis odd, then ¢ = 3 mod 4, and H; is a normaliser of a
non-split torus in M; = A;(q). Because of the structure of H;, we have AgNH; = AoNM; = Z(H;) = Z(M,).
Furthermore, N, (H;) < T;H; and T; N H; = Z(H;). Therefore, Ag = AgNT < T;.

Hence, in both cases discussed above, Ag < T} N Ty, and so [Ag, M1] = [Ag, Ma] = 1. As (M7, M3) = A,
Ag < Z(A) = Z(G). In particular, our main results can be made more precise in the following way:

Theorem 41. Let G be a topological Kac-Moody group of rank 2 defined over a field Fy of order g = p*
—m
-m 2
p =2, orpis odd and q > 60. Suppose further that for a standard parabolic/parahoric P; of G, its Levi
complement L; = T; o M; where M; = A1(q), T; = Cp(M;) and T < Py N Py is a torus of G. Let T be an
edge-transitive cocompact lattice in G. Then one of the following holds:
If p=2,T = Ay x4, As where fori=1,2, A; = Ay x H; with H; = Cy41 and Ay a cyclic subgroup of
Z(@Q).
Suppose now that p is an odd prime.
If ¢ =1 (mod 4), then G does not contain any edge-transitive cocompact lattices.
If ¢ = 3 (mod 4), and T is an edge-transitive cocompact lattice in G, then T' = Ay x4, Ay where for
1=1,2:
(1) A; = Ag o H;, with H; isomorphic to the normaliser of a non-split torus in Ai(q); and
(2) Ay < Z(G).

An interesting and unusual consequence is the following observation.

where p is a prime, with symmetric generalised Cartan matriz , m > 2. Suppose that either

Corollary 42. Let G be a group as in Theorem 41 above. Suppose further that ¢ = 3 mod 4. If M; =
SLs(q), then Z(G) # 1.
Proof. If M; = SLy(q), as discussed above Ag > Z(M;) = Cs5. But Ag < Z(G), proving the result. O

Let us now discuss the question of covolumes. As described in Section 1.4, the covolume of an edge-
transitive lattice I' = A; x4, A2 in G may be calculated as follows:

W(\G) 1 1 1 1 2

] Tl T (g Dol * (g + DAl ~ (g + Dol
In all conclusions to Theorem 41, the edge group Ag satisfies Ag < Z(G). Now, among all the edge-
transitive cocompact lattices in G, choose I'" = A} x4, A5 such that |Ap| is as large as possible. Then
Ay = Z(G), and so for any other edge-transitive lattice I' = Ay x4, Ay in G, since |Ag| < |Z(G)| we have

n(T\G) = u(I'"\G) = m
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And so among all the edge-transitive cocompact lattices in G, the lattice I with edge group Aj = Z(G) has
the smallest possible covolume.
Now take I" to be a cocompact, not necessarily edge-transitive, lattice in G. What happens then?

Lemma 43. Let G be as in Theorem 41 with ¢ Z1 mod 4. In fact, if p is odd, suppose that ¢ > 300. If T’
is a cocompact lattice of G of minimal covolume, then T' is edge-transitive.

Combined with the discussion above, Lemma 43 proves Theorem 3 for this case.

Proof of Lemma 43. Since Z(@G) is finite, without loss of generality we may assume that Z(G) = 1. This
together with Corollary 42 implies that M; & PSLy(q) and T; N M; = 1. Moreover, |T;| is odd. If not, there
exists g € T; of order 2 (in particular, p is odd). Without loss of generality let g € Ty. Then [g, Ma] # 1,
for otherwise g € Cq({(My, Ms)) = Cq(A) < Z(G) = 1, a contradiction. Since g € T, it normalises the root
subgroups Ui,,, ¢ = 1,2. In particular, it normalises U,, and U_,,, and so acts on M, as an element of
the split torus, which is a contradiction as My = PSLs(q) and its split torus is of odd order. It follows
immediately that |T'| is odd too.

Let I" be a cocompact lattice of G of minimal covolume. Since I' is cocompact, the fundamental domain F
for T’ contains at least two vertices x; and x5 (connected by at least one edge) such that G, is G-conjugate
to P; for i = 1,2. By Proposition 8§,

pI\G) =Y

selE

1 S 1 n 1

().

Since T is discrete, |T'y,| is finite, and so by Proposition 6, without loss of generality we may assume that
I'y, < P, But I' is cocompact, and so Proposition 21 implies that in fact, we may suppose that I'y, is
a subgroup of T; o M; of order coprime to p. Since I is a lattice of minimal covolume, by the discussion
before this lemma, [I';,| > (¢ + 1) for some i € {1,2}. In fact, if |I'y,| < ¢+ 1, then |I';;| > ¢ + 1 where
i} = {12},

Let D; denote a projection of I';,; on T; and H; a projection of I'y, on M;. If D; =1 for i € {1,2}, then
Ty, < M;. Choose ¢ so that |T'y,| > ¢+ 1. Hence, I, is a subgroup of M; whose order is at least ¢+ 1 and is
co-prime to p. If |T';,| > g+ 1, Dickson’s Theorem and its corollary give us that ¢ is odd, T, is a normaliser
of a torus in M; and M; = SLy(q), a contradiction. Therefore |I';,| = ¢+ 1 for i = 1,2. By Theorem 41,
I'z, is isomorphic to Cy4q if p = 2, and a normaliser of a non-split torus in M; if p is odd. And so it acts
transitively on the set of neighbours of z; and all the conditions of Lemma 4 hold. Thus I is edge-transitive,
proving the result. Therefore, without loss of generality, we may assume that Dy # 1. Now, if H; = 1 for at
least one of i € {1,2}, then the corresponding I';,, <7T; < T. And so a subgroup generated by I',, and T,
is finite. This argument eventually contradicts the cocompactness of I'. Hence, Hy # 1 # Hs.

Assume first that I'y, N7y = 1. As Dy # 1, there exists a non-trivial element g € Iy, — M; of odd order
which induces an inner-diagonal automorphism on M;. Denote by M,, := T, N My. Then (g, M,,) < Ty,.
Since Hy # 1 and (|T'y,|,p) = 1, Dickson’s Theorem and its corollary imply that either M,, =1, or M,, # 1
and is either contained in the normaliser of a split torus of Mj, or p is odd and M,, is isomorphic to a
non-abelian subgroup K of Sy or As. In the former case |I'y,| < |T1] < ¢ — 1. In the latter one, if p is odd
and M, is isomorphic to a non-abelian subgroup K of S or As, then since g normalises but not centralises
M., (Cp(K)=1),|T,,| <60 < g+ 1. Finally, if M,, is contained in a normaliser of a split torus of My,
since I'y, N Ty = 1, m,(Tx,) = 1 for all primes r. Hence |I'y,| < ¢ — 1. Therefore, I';,, N Ty = 1 implies
Tz, | < ¢+ 1. As an immediate consequence we obtain that |T'y,| > ¢ + 1 and consider ', N T5. Going
through the same arguments for ¢ = 2, we obtain that I';, N7 # 1. Therefore, we always have I',, N T} # 1
for some ¢ € {1, 2}.

Without loss of generality we may assume that I';, N7} # 1 and choose a non-trivial element y; with
(y1) =Ty, NTy . Since y1 € Ty < T, y1 € Lo. Consider the action of y; on Ms. If [y1, Ma] = 1, as
[y1,M1] = 1, y1 € Z(A) < Z(G) = 1, a contradiction. Therefore y; acts non-trivially on M. Since T
normalises U,, and U_,,, y1 acts on My as an element of odd order of the split torus. Now consider
Y7 :=(Ty,,y1). Since Y7 < Ly and Y7 < T, Y] is a finite group of order prime to p. Therefore I';, acts of My
in one of the following ways: either as a subgroup of Ny, (T'), or as a non-abelian subgroup K of either Sy
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or As (in the latter case p is odd, o(y;) is either 3 or 5, and T',,, N Ty = (y1)). Notice, that as T < P; N P,
rnT<r,, fori=1,2.

Let us first deal with the latter case. If T'y, N Ty = 1, |I'y,| < 60. Now, |I'y,| < o(y1)(g + 1) with
o(y1) € {3,5}. Since I is a lattice of minimal covolume, equation (*) implies that ¢ < 107, a contradiction.
Thus 'y, N Ty # 1. Hence there exists an element yy € 'y, NTs of odd order with (y2)T',, N T5. Using the
same reasoning for y» as for y;, we conclude that y» must act non-trivially on M; and I';, must act on M;
either as a subgroup of Ny, (T'), or as a non-abelian subgroup K; of Sy or As (in the latter case p is odd
and o(yz) is either 3 or 5). In the latter case, the minimality of covolume together with formula (x) give us
that

2 2
s > =
g+1 =560
implying that ¢ < 300, a contradiction. In the former one (i.e., I';, acts on M; as a subgroup of Ny, (1))
the fact that TNT < T, for ¢ = 1,2 implies that we can see all the torus involved in T',, in (y2) x Ko, and
s0 |Ty,| <52 -2. This together with (x) and the minimality implies that ¢ < 85, a contradiction.

Therefore, T'y, < Np,(T). Again going through the same argument, we obtain similar conclusion for
Tp: Tpy < Np,(T). As aresult we have that if T is a cocompact lattice of minimal covolume which is not
edge-transitive, I' < N. But this is impossible, since N does not act cocompactly on X (its action preserves
the standard apartment X, and so it has orbits which are at arbitrary distance from ). We conclude that
a cocompact lattice of minimal covolume must be edge-transitive. (I

5.2. Case 2. In this case T induces non-trivial outer-diagonal automorphisms on M; for some i. Since
P2 Py, Ly = Ly. As M; = A1(q), pis odd, for if p =2, A;1(q) = SLa(q) = PSL2(q) does not admit outer-
diagonal automorphisms. Moreover, L; is isomorphic to a homomorphic image of GLs(q). In particular,
L; = T; M;(t;) where T; = Cp(M,;), T;/T; N M; is a cyclic group of odd order and ¢; € T is an involution with

Since ¢ > 60, there is not much more we can say about the edge-transitive lattices than we already did in
the statement of Theorem 1.

However, as in the previous case, we will investigate the issue of the minimality of covolumes. Recall,
that p is odd, ¢ =3 mod 4 and ¢ > 60. As described in Section 1.4 and using the conclusion of Theorem 1,
the covolume of an edge-transitive lattice I' = A; %4, A2 in G may be calculated as follows:

1 1 1 1 2
MO = AT T ™ v Ol T G+ DIAd (% DIAd
where Ay < Np(H;) for i = 1,2 and H; is the normaliser of a non-split torus of M;. Assume there exists
i€ {1,2} and t € Ay NT; of odd order. Then [t,M;] = 1. Moreover, as o(t) | (¢ — 1), [t, H;] = 1 where
{i,7} = {1,2}. But t € T and hence normalises M;. Now the local structure of A;(¢) implies that [t, M;] = 1.
Therefore, t € Cp({(My, M) < Z(G).

Remark 44. Notice that ast; € T acts non-trivially on M;, we have 2 < |T|y < 4 and |Z(G)|2 € {1,2}.

Now, among all the edge-transitive cocompact lattices in G, choose I'" = Af x4, Aj such that [Ag| is as
large as possible. Clearly, if ¢ € T of order 2, then t € Np(H;), i = 1,2, and so it is possible for ¢t € Aj. Thus
|Ap] = 1Z(G)|2d if | Z(G)| is odd (where d = 1 or 2 depending on the group), and |Af| = |Z(G)|2 if |Z(G)]
is even.

Therefore, for any other edge-transitive lattice I' = Ay x4, A2 in G, we have

2
u(M\G) > p(IM"\G) = —————
(&) = 1D =5 Dizs
where § € {1,d} as described above. And so among all the edge-transitive cocompact lattices in G, the
lattice IV with edge group Aj{, of order 2(q + 1)|Z(G)|6 has the smallest possible covolume.
Now take I to be a cocompact, not necessarily edge-transitive, lattice in G. What happens then? Again,
to avoid small cases, we assume that ¢ is large enough.
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Lemma 45. Let G be a topological Kac-Moody group of rank 2 defined over a field F, of order ¢ = p* where
—-m
-m 2
g %1 mod 4 and g > 300. Finally, assume also that for a standard parabolic/parahoric P; of G, its Levi
complement L; is a non-trivial non-abelian homomorphic image of GLy(q), i.e., L;/Z(L;) = PGL2a(q).
If T is a cocompact lattice of G of minimal covolume, then I is edge-transitive.

p is an odd prime, with symmetric generalised Cartan matriz , m > 2. Suppose further that

Again, the discussion above together with Lemma 45 proves Theorem 3 for this case.

Proof of Lemma 45. Since Z(G) is finite, without loss of generality we may assume that Z(G) = 1. Let I’
be a cocompact lattice of G of minimal covolume. Since I' is cocompact, the fundamental domain E for T’
contains at least two vertices z1 and x2 (connected by at least one edge) such that G, is G-conjugate to P;
for ¢ = 1,2. By Proposition 8,

1 1 1

> =
ICsl = Tay| o

W(m\G) =

selE

Since I' is discrete, |I',,| is finite, and so by Proposition 6, without loss of generality we may assume that
'z, < P;. But I is cocompact, and so Proposition 21 implies that in fact, we may suppose that I'y, is a
subgroup of L; of order coprime to p. Since I is a lattice of minimal covolume, by the discussion before this
lemma, |I'y,| > 2(q + 1)d for some i € {1,2}. In fact, if |I';,| < 2(¢ 4 1)d, then |I'y;| > 2(¢ + 1)6 where
firj} = 1.2},

Let D; denote a projection of 'y, on T; and H; a projection of I'y,, on M;(t;). If D; < Z(M;) for i € {1,2},
then I'y, < M;. Choose ¢ so that |I'y,| > 2(¢ + 1)0. Then I'y, is a subgroup of M,(t;) whose order is at
least 2(q + 1)0 and is co-prime to p. Using Dickson’s Theorem and its corollary we obtain that equality
holds and T';, is a normaliser of a torus in M;(¢;). But now all the conditions of Lemma 4 holds, and so T is
edge-transitive, proving the result. Therefore, without loss of generality, we may assume that D; # 1. Now,
it H; =1 for at least on of i € {1,2}, then I';, < T; < T. And so a subgroup generated by I';;, and I', is
finite. This argument eventually contradicts the cocompactness of I". Hence, H; # 1 # H,.

Assume first that I',, N7y < Z(Mj). Then I', is isomorphic to a subgroup of M (t1). As its order must
be co-prime to p, we obtain that Ty, | < 2(¢+ 1)0. If T'y, N Ty < Z(M3), similarly |T'y,| < 2(¢ + 1)d, and

again we will obtain minimality when |T';,| = 2(¢ + 1)0 for ¢ = 1,2, which in turn using Lemma 4 will give
us that I' has to be edge-transitive. Thus without loss of generality there exists y; € I'y, N T3 of odd order.
Repeating the discussion of our proof of Lemma 45 we obtain the desired result. O
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