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Abstract We consider the following class of nonlinear elliptic equations
—div(A(Jz])Vu) +u? =0 in B1(0) \ {0},

where ¢ > 1 and A is a positive C*(0, 1] function which is regularly varying at
zero with index ¢ in (2 — N, 2). We prove that all isolated singularities at zero
for the positive solutions are removable if and only if ¢ ¢ L?(B(0)), where &
denotes the fundamental solution of —div(A(|z|)Vu) = &g in D'(B;1(0)) and
dg is the Dirac mass at 0. Moreover, we give a complete classification of the
behaviour near zero of all positive solutions in the more delicate case that
@ € L1(B;1(0)). We also establish the existence of positive solutions in all the
categories of such a classification. Our results apply in particular to the model
case A(|z|) = |z|? with ¥ € (2 — N, 2).
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1 Introduction

In the celebrated paper [4], Brezis and Véron considered the equation
—Au+ u|T'u =0 inBj:= B\ {0}, (1.1)

where B is the unit ball centered at the origin in RY with N > 3. They
proved that if ¢ > N/(N —2), then 0 is a removable singularity for all positive
solutions of (1.1), i.e., if u € C%(Bj) is a positive solution of (1.1), then u can
be extended as a classical solution of (1.1) in the whole ball B;. The restriction
g > N/(N — 2) is essential, since if 1 < ¢ < N/(N — 2) there are solutions of
(1.1) with isolated singularities. The following complete classification of the
behaviour near zero of all positive solutions of (1.1) was first given by Véron
[26,27] and later proved, with different techniques, by Brezis and Oswald [3]:

Theorem 1 If1 < ¢ < N/(N —2) and u is a positive solution of (1.1) in
C?(By), then one of the following holds:

1) u can be extended as a positive C? solution of (1.1) in By;
2) limy o u(z)/E(x) = X € (0,00) and u satisfies

—AU + Uq = )\50 n D’(Bl),

3) limy, o 2|2/ (D (z) = [ 2 (giq 7 N)T/(q_l).

q—1 \g—1
In this classification, F(z) = m\xF*N is the fundamental solution
of (=A) in RY, where here and throughout, wy and &y denote the volume of
B; and the Dirac mass at 0, respectively.

Our main aim is to extend this kind of results to the following nonlinear
elliptic equation in divergence form

—div (A(|z|)Vu) + [u|/'u =0 in Bj. (1.2)

We reveal how the function A affects the afore-mentioned classification under
the following assumption made throughout the paper.
Assumption A. The function A is a positive C1(0,1]-function such that

A1)
A

=19 for somed € (2—N,?2). (1.3)

This means that L(t) = A(t)/t” is a positive C1(0,1] function satisfying
lim; g tL'(t)/L(t) = 0. In particular L is slowly varying at 0 (see Definition 3
in Appendix A). Non-trivial examples of such functions L are given below for
small ¢t > 0:

(a) the logarithm log(1/t), its m iterates log,,(1/t) defined as loglog,,, ,(1/t)
and powers of log,, (1/t) for any integer m > 1;

(b) exp((log(1/t))*) with a € (0,1).

(c) exp (—(logt)'/3 cos((logt)/?)).
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We stress that, in the last example, L exhibits infinite oscillations at 0 since

lign iélf L(t) =0, limsup L(t) = +o0.

t—0
Moreover, a solution of (1.2) is understood in the following sense.

Definition 1 A function u is said to be a solution (sub-solution, super-solution)
of (1.2) if u € C1(B7) and satisfies

A(|z])Vu - Vo dx +/ lu|!" up dr = 0 (<£0,>0) (1.4)

B1 Bl

for all functions (non-negative functions) p(x) in C1(Bj).

Definition 2 We say that a positive solution u of (1.2) can be extended as a
positive continuous solution of (1.2) in the whole ball By if u(x) converges to
a positive number as |z| — 0 and w satisfies (1.2) in D’(By), that is

A(|z|)Vu - Vo dx +/ ulpdr =0 for every p € CL(By). (1.5)

Bl Bl

In our analysis, instead of the fundamental solution of the Laplacian, a
crucial role is played by the function @ given by

1 1 tlfN
&(z) = d(|z|) == Now / A dt for every x € B1(0), (1.6)

which can be seen as the fundamental solution of
—div (A(|z]|)V®) = §y in D'(B1(0)) (1.7)

with homogeneous Dirichlet boundary condition.
Now we can state our main results.

Theorem 2 Let g > 1. The following assertions are true.

(i) There always exist positive continuous solutions of (1.2) in Bj.
(ii) Bwvery positive solution of (1.2) can be extended as a positive continuous
solution of (1.2) in By if and only if & & L1(By).
(iii) There exist positive solutions of (1.2) such thatlim o u(x)/®(z) € (0, 0]
if and only if ® € L1(By).

Using that @ is regularly varying at zero with index 2 — N — ¢ (see Ap-
pendix A), we find that if ¢ # N/(N — 2+ 8), then ¢ € L9(B;) if and only if
q< N/(N—=2+49).1f ¢ = N/(N —2+1), then since A(r) = r? L(r) is smooth
away from the origin, we obtain that

< 00,

dr
& e LY(By) if ly if —_—
€ LY(By) if and only i /o+ T

which means that @ ¢ L9(B;) for some examples of A (e.g., A(r) = r?), while
@ € L1(B,) for other choices of A (e.g., A(r) ~ r’log?(1/r) as r — 0).
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Theorem 3 Let g > 1. Assume that & € LI(By). Then for every positive
solution u of (1.2), exactly one of the following cases occurs:

(I) u can be extended as a positive continuous solution of (1.2) in Bj.
(IT) lim|g)—ou(z)/P(x) = A € (0,00) and u satisfies

—div (A(|z|)Vu) + u? = A\§y  in D'(By). (1.8)

(II) lim, o u(z)/P(x) = oo, in which case we have' u(z) ~ @(|z|) as x| — 0,
where we define u(r) for r € (0,1) as follows

(q—1)2 = .
N_—(N—-2+9)q /‘A ﬁ} o< o1y
ar) = (1.9)
=1 = . N
(¢ = 1)1 o(n)2] {2, =557y

Remark 1 We want to emphasize the role of 9 in the above classification. It is
easy to verify that

li = 1.10
lelr—{lo &(x) 0 ifo<d<2. (1.10)

E(x) {mim_N<ﬁ<m
For ¢ > 1 fixed, we denote by u and v a positive solution of (1.1) and (1.2),
which is comparable to E and @ near zero, respectively. As expected, from
(1.10) we deduce that the blow-up rate of u at zero is greater than that of v
when the operator in (1.2) is singular (i.e., © < 0), while it is lower when the
equation is degenerate (i.e., ¥ > 0). A similar observation applies when u and
v grows faster than F and @ near zero, respectively.

Theorems 2 and 3 can be extended to more general classes of nonlinear
elliptic equations in the framework of regular variation theory by adapting
some arguments from [6]. For this reason, we focus on power nonlinearities in
(1.2) to underline the role of the coefficient A appearing in our operator. In this
paper we completely solve both questions of removability and classification of
singular solutions of (1.2) under optimal conditions.

The removability question for nonlinear elliptic equations has been ad-
dressed by many authors. For example, Vdzquez and Véron [25] considered
equations involving the p-Laplacian operator, while Labutin [15] studied fully
nonlinear uniformly elliptic equations of the form F(D?u) + f(u) = 0, under
some sharp conditions on f depending on F'. In [9] Felmer and Quaas extended
the removability results obtained in [15] to a wide class of nonlinear elliptic
equations for which a “fundamental” solution can be constructed. We also
refer to [16], [17] for other removability results.

f(=)

1Here and throughout, f(z) ~ g(z) as |z| — 0 means that I 111110 ﬁ =
x| — g
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In general it is much more difficult to classify the behaviour of all solu-
tions near an isolated singularity (see the monograph by Véron [28] and the
references therein). For recent generalization of Theorem 1 in the context of
regular variation theory we refer, for example, to [5], [6], [7]. The paper [6]
extends results in [12], [7] and [5] by providing a complete classification of the
isolated singularities for equations such as Au + Az|=?u = b(z)h(u) in Bj,
where —oco < A < (N —2)2/4.

Further research is devoted to understanding the behaviour of singular
solutions for more general elliptic differential operators. The classification
of all isolated singularities was recently obtained by Cirstea and Du [8] for
weighted quasilinear elliptic equations of the form Ayu = b(z)h(u) in Bjf,
where Ayu = div (|[Vu[P=?Vu) and 1 < p < N. Extending previous results of
Friedman—Véron [10] and Vazquez—Véron [24] for h(u) = u? and b = 1, the
approach in [8] is based on the regular variation theory and a new perturba-
tion method for constructing sub- and super-solutions. Other recent progress
includes the classification of singularities for non-negative viscosity solutions
for the infinite Laplace equation A u =: Zi\fj:l Uz, Uy Uz,z; = 0 (see [20])
and, more generally, for the Aronsson equation (see [13]).

The paper is organised as follows. In Section 2 we consider the radial case
and, by performing a change of variable to shift the singularity from 0 to co
(see (2.2)), we can apply ODE’s results by Taliaferro [22]. Then in Section 3
we provide an upper bound for any positive solution of (1.2) generalising a
boundary blow-up argument contained in [2]. Moreover, we prove a Harnack
type inequality and a regularity result (see, e.g., [26], [10] and [8]). Theorems 2
and 3 are proved in Section 4 and 5, respectively. The existence assertions (i)
and (iii) in Theorem 2 are proved in Propositions 4 and 5, where we actually
prove the existence and uniqueness of Dirichlet boundary value problems. If
& ¢ L9(By), then by reduction to the radial case we prove that every positive
solution of (1.2) is dominated by @ near 0. In Proposition 3 we complete the
proof of Theorem 2 by showing that 0 is a removable singularity for a positive
solution u if and only if lim ;| u(x)/®(x) = 0. Proposition 3 is also used to
show Case (I) in Theorem 3. Case (II) is proved in Proposition 6. Both cases
are addressed by extending blow-up techniques of Friedman-Véron [10] (see
also [8], [6]). Case (IIT) in Theorem 3 is analysed in Proposition 7 using again
a reduction to the radial case. Finally, in Appendix A we recall properties of
regularly varying functions.

2 The case of radial solutions

In this section, we consider the positive C?(0, 1] solutions of the equation

S+ ( — TA/(T)) () ul(r)

Al = A for 0 <r < 1. (2.1)
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In Propositions 1 and 2 we give the asymptotics near zero of the positive
solutions of (2.1) when ¢ > 1. We use the following change of variable

y(s) = u(r) with s = &(r), where &(r) is given by (1.6). (2.2)
It follows that y satisfies the differential equation

d2

ng = (Nwn)? N2 A(r) yi(s) for 0 < s < o0. (2.3)
The asymptotic profile of y(s) as s — oo is obtained from the results of
Taliaferro [22]. We explicitly observe that ¢ € L7(By) is equivalent to

/1 rN =14 (r) dr < oc. (2.4)
0

Proposition 1 Let ¢ > 1 and let v be any positive number. The following
assertions are true:

(a) There exists a unique positive solution of (2.1), subject to u(l) = v and
lim, o u(r)/®(r) = 0. This solution satisfies lim,_ou(r) € (0,00).
(b) There exist positive solutions for (2.1) with lim,_ou(r)/®(r) € (0,00) if
and only if (2.4) holds. Assuming that (2.4) holds, then we have:
(bl) For any positive number A, there is a unique positive solution uy  of

10 (112 £ 20

(2.5)

cou(r) _
b oemy =»  wd=o

(b2) There also exist positive solutions for the problem (2.5) with A = oo.

Proof (a) The assumption A implies that fol rN=1A(r)dr < co. By applying
Theorem 1.1 in [22] to (2.3) and using (2.2), we conclude the assertion of (a).

(b) By Theorem 2.4 in [22], we find that (2.3) has positive solutions with
limg o % € (0,00) if and only if (2.4) holds. If y(s) is such a solution, then
limg—, o0 y(8)/s = ¢o for some positive constant ¢g. This proves the first part of
the assertion of (b). If (2.4) holds, then by Corollary 2.5 in [22] (respectively,
Theorem 3.2 in [22]), we obtain that (2.5) has positive solutions for any positive
number A (respectively, A = co). The uniqueness of the positive solution uy
of (2.5) with A € (0,00) follows from a standard comparison principle.

The conclusion of Proposition 1(b2) can be refined if we assume that

{ rN=2@U3 (1) A(r) ~ hi(r) asr — 0, (2.6)

where hy is a positive increasing C'(0, 1]-function.

More precisely, if (2.6) holds (which automatically implies (2.4)), then there
is a unique positive solution ue 4 of (2.5) with A = oo (see Proposition 2(a)).
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Remark 2 If (2.4) is not satisfied, then by Theorem 3.2 in [22], we infer that

(i) either for each v > 0, there are infinitely many positive solutions s of
(2.5) with A = oo;
(ii) or there are no positive solutions of (2.1) with lim, o u(r)/®(r) = co.

When (2.4) is not satisfied, Taliaferro [22] shows that Case (i) in Remark 2
may occur (see Example 3.14 in [22]); however, a sufficient condition guaran-
teeing Case (ii) is the following:

{ r2NZ2PIT3 (1) A(r) ~ hy(r) as T — 0,

2.7
where hy is a positive non-increasing C* (0, 1]-function. 27

This situation is included in our next result.

Proposition 2 Let g > 1 and let v be any positive number.

(a) If (2.6) holds, then there is a unique positive solution ue~ of (2.5) with
A = 00.
(b) Assume that (2.7) is fulfilled.
(bl) If (2.4) holds, then there is a unique positive solution U~ of (2.5)
with A = oco.
(b2) If (2.4) fails, then there exists exactly one positive solution of (2.1)
with u(1) = v, namely the positive solution whose behaviour is given by
Proposition 1(a).

Proof The assertion of (a) follows from Theorem 3.10 in [22]. By applying
Theorem 3.12 in [22] to (2.3), jointly with (2.2), we conclude (b1l) and (b2).

Remark 3 In the framework of either Proposition 2(a) or (bl), the unique
positive solution ue 4 of (2.5) with A\ = oo is asymptotic at zero to any
positive C? function U satisfying

vy (g AU W)
u(r) + (N 1+ A(r) > - A(r) 0, s
lim ) =00
r—0 45(7*)

This follows by applying Theorem 3.7 in [22] to (2.3), then using (2.2).

To prove Case (III) in Theorem 3, we rely on Corollaries 1 and 2, which
are consequences of Proposition 2.

Corollary 1 Let 1 < g < N/(N — 2+ 4) and let v be any positive number.
Assume that

p#0, wherep:=4— N —29—q(N —2+19).

Then (2.5) with A = oo has a unique positive solution U . Moreover, we
have uso ~(r) ~ (r) as v — 0, where @ is defined by (1.9).
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Proof Observe that r —— 7V =1@9(r) is regularly varying at zero with index
N —1—¢g(N — 2+ ¢), which is greater than —1. Thus condition (2.4) is au-
tomatically verified. On the other hand, r —— r2N=2¢9+3(r)A(r) is regularly
varying at zero of index p, which is different from zero. Hence, if p > 0 (re-
spectively, p < 0), then (2.6) (respectively, (2.7)) holds. Then the existence
and uniqueness of the positive solution us 4 of (2.5) with A = oo is given by
Proposition 2. We finish the proof by using Remark 3 after checking (2.8) for
U(r) = a(r). We skip the details of this straightforward calculation.

Corollary 2 Let g = N/(N — 2+ 9). If (2.4) holds, then for every positive
number vy, there exists a unique positive solution U of (2.5) with A = oco.
Moreover, we have U o ~ U(r) as r — 0, where @ is given by (1.9).

Proof When ¢ = N/(N — 2 + 9), we find that r2V=2¢4(r)A(r) is regularly
varying at zero with index —2N + 4 — 2. This being a negative number,
we infer that (2.7) is satisfied. Then by Proposition 2(b1), we conclude that
(2.5) with A = oo has a unique positive solution us . In view of Remark 3,
we conclude the proof once we show that (2.8) holds with U(r) = @(r). This
simple calculation is left to the reader.

3 Auxiliary tools

In this section, we only require ¢ > 1 in (1.2). Let 7" be defined by

T(r) = (/0 ﬁ dt) R every 7 € (0,1). (3.1)

We denote by B, the ball of R™ centered at the origin with radius . We set
B} := B, \ {0} for any r > 0.

3.1 A priori estimates

Lemma 1 Let ¢ > 1. For every ro € (0,1/2), there exists a positive constant

Co, which depends on rq, such that for any positive sub-solution of (1.2), it
holds

u(z) < CoY(|z|)  for every x € RY with 0 < |z| < 7. (3.2)

Proof Let zp € RY be fixed with 0 < |zo| < r9. We denote w := Bj,|/2(z0)
and define a positive function S on w such that S = oo on dw. More precisely,
for some constant C' > 0, we set

S(xz) =

(lzol® — 4]z — 2o[?) forzew  (3.3)

ol 1
|$0|\/A(|330|)
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Claim: There exists a positive constant C, which is independent of xqy, such
that S in (3.3) is a super-solution of (1.2) in w, that is

—div(A(z)VS(z)) + S (z) >0 inw. (3.4)

From A € RVy(0+), we can write A(t) =t L(t), where L is a slowly varying
function at zero. Since |zg|/2 < |z| < 3|zo|/2 for z € w, Proposition 8 in
Appendix A shows that

oy < Ml _ J21° L(lz])

= Allzol) ~ Tzl L(zo]) = (3.5)

for some positive constants cg and ¢y, which depend on 7, but are independent
of . Direct computations imply that (3.4) holds if and only if

16 A(z|) [N+ 8|z — xol? (q+ 1 N)
q— 1 A(|zo|) g—1 2
A'(|z) (1 Az — )
|z A(]z]) |zo]?

)x-(a:—xo)} <cit

for every x € w. Using (3.5) and Assumption A, we obtain that for every
T € w, the left-hand side of the above inequality is bounded from above by a
positive constant independent of zy. Hence, we can choose C' > 0 large enough
and independent of xg such that (3.4) holds.

We now conclude (3.2) by the comparison principle. Indeed, u(x) < S(z)

for every « € w and, in particular, u(zg) < S(zg). Thus we have

2 T g—1
u(zg) < C ( ol ) for every zo € RY with 0 < |zo| < 1. (3.6)
A(lzol)

Since A € RVy(0+) with ¥ < 2, by Theorem 5 in Appendix A, we find that

2 ,,,2

r
lim — 7 = 2 — 19 so that o := inf — > 0. (37)
r—0 .A(?") fO ﬁ dt 0<r<rg .A(?") fO ﬁ dt

Then using (3.6) and the definition of 7" in (3.1), we obtain that
u(zo) < Ca YD1 (|z]) for every zp € RY with 0 < |zo| < ro.
This completes the proof of Lemma 1.

Since I € RVs—» (0+), we have lim,_,o X'(r)/f(r) = 0 for any f € RV,(0+)
=
with o < (9—2)/(g—1). As a consequence of Lemma 1, we obtain the following.

Corollary 3 If ¢ > 1, then any positive sub-solution of (1.2) satisfies

. u(x) _ 9 —
lim ——< =0 for every f € RV,(0+) witho < ——.
BRI o) —1
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3.2 A Harnack-type inequality

Using Lemma 1 and the Harnack inequality (Theorem 8.20 in [11]), we derive
the following.

Lemma 2 Let g > 1. For every ro € (0,1/4), there exists a positive constant
C, which depends on ro, such that for any positive solution u of (1.2), we have

max u(x) < C min u(z) for all0 < r < r. (3.8)

|z[=r |z[=r

Proof The argument is standard, following ideas similar to Lemma 1.5 in [26].
However, some changes appear here due to the divergence form of (1.2). Thus
for the reader’s convenience, we provide the details.

We first observe that equation (1.2) is equivalent in D’(B7) to the following

—Au— Vu-ViegA(lz]) + 2 ~0 in B}, (3.9)

meaning that

/ q—1
A(|x|)£-Vu(a:)dx—|—/ Mdsz

Vu-Veodr —
B A(z])

@
By B Allz]) |zl

for every ¢ € C}(By}).
Let y € RY be such that 0 < |y| < ro. We have 2, C B3, , where we
define

Qy = B%y‘(y)

We apply the Harnack inequality of Theorem 8.20 in [11] for the operator

ou
8:5,»

N
Lu := Au + Zc’(z)

i=1

+d(z)u in £2,, (3.10)

where ci(x) (for i = 1,...,N) and d(z) are defined by

oy m A i)
S P T N T ()

for x = (z1,...,2n) € B3, .

The hypotheses (8.5) and (8.6) in Gilbarg—Trudinger [11, p. 178] are satisfied
here with

/ T 2
A=1, A=VN and v(y):= xseu!]; \/[i(ﬂ“ﬂ” + |d(z)|. (3.11)

Since By, (y) C £2, with n(y) := |y|/8, by Theorem 8.20 in [11] we have

sup u < € inf wu, (3.12)
By (y) Bn(y)
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where € = C(N,n(y)v(y)) is a positive constant that can be estimated by

e < eYNHWW) itk €y = Cy(N). (3.13)

We now show that n(y)v(y) is bounded above by a constant independent of y
with 0 < |y| < r¢. From (1.3) and (3.7), we infer that

A/ 2
sup Al = Mi(rg) < oo and sup S

= Ms(ro) < oo.
o<r<2r, A(r) o<r<ary A(r) [y 7 dt 2(ro)

Then by Lemma 1, there exists a positive constant C; = Cy(rg) such that
|z|*ut” " (2) ||

Al 7 A(]) fy by dt

for every 0 < |z| < 2ry. From z € 2, we have 2ry > |z| > |y|/3. Hence, using
the definition of v(y) in (3.11) and n(y) = |y|/8, jointly with (3.14), we get

!/ T 2
smmu@>=nAig)¢{ﬁﬂﬂ?]-%wuﬂ

A 2D L
<3o<i“£2m\/{ A(Jz]) ] + i)

A'(

<3 sup <ac|| (=]l + |z[\/|d ) < 3(M; + /C1 M-
0<|z|<2r¢ (‘ |

This means that n(y)v(y) is bounded above by a positive constant that is

independent of y for any 0 < |y| < 79. From (3.12) and (3.13), we conclude

(3.8) using a standard covering argument.

|2 |d(x)| =

< (O1My < o0 (314)

Using the Harnack-type inequality in Lemma 2, we prove the following.

Corollary 4 Let u be a positive solution of (1.2) with ¢ > 1. If we have
lim sup|, o u(z)/P(x) = oo, then lim|, o u(z)/P(z) = oo.

Proof Suppose by contradiction that [ := liminf|, o u(x)/®@(x) < co. Then
there exists a sequence (z,,)p>1 in RY that converges to zero as n — oo and

lim =1.
we B(z,.)

Fixrg € (0,1/4). We can assume that |z, | decreases to zero with 0 < |z,,| < 7.
Let ng be a large positive integer such that

D(xy,)

By Lemma 2, there is a constant C' > 0 such that (3.8) holds. Thus we have

<Il+1 forevery n > ng.

max u(zx) <C min u(z) < Cu(z,) < C(1+1)P(xy,) (3.15)

|z|=|zn] |z|=|zn|
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for all n > ng. By the comparison principle on each annulus {z € RY : |z,| <
|z| < |Zng|} with n > ng, we have

w(z) <CU+1)P(x) for all 0 < |z| < |zp,, (3.16)

which is in contradiction with limsupy,|_,o u(z)/®(x) = oo.

3.3 A regularity result

We fix ro € (0,1/4) and let g be a positive continuous function defined on
(0, 4rp]. The following regularity result will be used many times in the paper.

Lemma 3 Letq>1and 0<6 < (2—19)/(q—1). Let g € RV_5(0+) satisfy
9(r)

hr:lj(l)lpm < 00, (3.17)

where T is defined by (3.1). If u is a positive solution of (1.2) and Cy > 0 is
a constant such that

0 <u(z) < Cig(lz]) for0 < |z| < 2r, (3.18)

then there exist positive constants C and o € (0,1) such that

Vu(z)| < Cg(lfl) and  |Vu(z) — Vu(a')| < céﬁfﬂl z—2/|* (3.19)

for any z, 2’ in RN satisfying 0 < |z| < |2'| < r.

Remark 4 If (3.18) holds for ¢ € RV_5(0+) and 0 < § < (2 —19)/(¢ — 1),
then we have g(r)/7(r) — 0 as r — 0 since g/ varies regularly at zero with
positive index (2 —¥)/(¢ — 1) — ¢ (see Proposition 9 in Appendix A). On the
other hand, Lemma 1 shows that there exists a constant C; > 0 such that
(3.18) holds with g = T for every positive solution u of (1.2).

Proof We modify an argument in [8, Lemma 4.1], which is similar to [10,
Lemma 1.1]. However, in our case here, we need to take extra care due to the
additional gradient term in (3.9). We set

I={ycRY: 1<y <7} and I'":={yec RN :2 < |y <6}.
Fix 3 € (0,70/6) and define 5 on I as follows

_ u(Bg)
9(B)

Since u € C*(Bj) is a weak solution of (3.9), we obtain that W5 € C1(I') is a
weak solution of

'ZIGE for every £ € T. (3.20)

IH5() = AV(€) + Y h(Oar Wa© = fo(6) W T, (32)
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where for convenience, we set

ey S gABIED ,
&= 1 Ay i o
_ Pl '

Notice that 0%7 W5 and fg are in C(I') and thus they belong to L*°(I').

Claim: The L*°-norms of C%, g and fg are bounded from above by constants
that are independent of B in (0,79/6).

Indeed, in view of (1.3), we see that

A (BIED] |Ifl’(ﬁlﬁl)l sup rlA(r)]
A(BIEN) ABIE) ~ o<r<ar, AT
for every £ € I' and ¢ = 1,..., N. From the continuity assumption on g €

RV_5(04), we have that L(t) := t%g(t) is a positive continuous function on
(0, 4] that is slowly varying at zero. By Proposition 8, we have

LD
g—0 L(B)

|56 < B < BlE <00

=1 uniformly with respect to £ € I.

So, there exist positive constants ¢; and ¢y, which are independent of 3, such
that

a1 L(B) < L(BIE]) < caL(B) for every 5 € (0,79/6) and every & € I.
In relation to ¥g given by (3.20), we use (3.18) to obtain that

g(BlE)) LBED o, £(8IED
9(B) L) ~ L)

for every £ € I'. This proves that [|Usl| () < Cicz. From (3.18), (3.22) and
Lemma 1, we find that

= Cul¢|™°

w5(6)] < 017 < Ciey (3.23)

a—19(BI€]) (8l€)?

7“2

< C1(Cp)i ey sup
1(Co) % Der<ang A(T) Jo 7 dt

for every € € I' and every § € (0,79/6). Hence, the L>-norm of fz is bounded
from above by a constant independent of 8. This concludes the above claim.

By Theorem 8.8 in [11], we infer that @5 € W22(I') and L¥s = fj5 a.c.
in I', where LW is given by (3.21). Furthermore, by Corollary 9.18 in [11, p.
243], we have W5 € W2P(I') for p > N. Hence, by Theorem 7.26 in [11, p.
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171], we obtain that ¥g € C’llo’f(lj) with « =1 — N/p € (0,1) and there exists
a positive constant C such that

Vsl co.e(rey < CllWsllw2p - (3.24)

Since W3 € W2P(I') N LP(I') is a strong solution of LWs = fs in I, by Theo-

loc

rem 9.11 in [11, p. 235], we get the estimate

1Zsllw=e ey < Cu (1951l Loy + 1 f8llLer)) »

where C. is a positive constant depending on N, p and maxi<i<n ||¢5| Lo (r)-
In particular, C is independent of 8. Using that I" is a bounded set, there
exists a positive constant C* such that |[v||pe(ry < C*|[v]|Ls(py for every
v e L™(IN). It follows that

1@sllw2r =) < CC* (1l ooy + | f8ll Lo (1))-

Thus ||@s|lw2»(r+) is bounded from above by a constant independent of 3.

This, jointly with (3.24), shows that there exists a positive constant C inde-
pendent of § such that

~ N
V@3]l co.ar-y < C, where a=1— n € (0,1). (3.25)

The proof of (3.19), which relies on (3.25), follows now exactly in the same
manner as that of (4.2) in [8, Lemma 4.1]. Thus we skip the details.

Lemma 4 Let g > 1 and let u be a positive solution of (1.2). Then there exist
two positive radial solutions of (1.2) in B’f/z, say u, and u*, such that

%ugu* <u<u*<Ku in BI/Q, (3.26)
where K > 1 is a sufficiently large constant.
Proof We first construct v*. For any integer n > 3, we define

D, :={zecRY: 1/n < |z| <1/2}.

We consider the problem

{ —div (A(|z|)Vw) + w? =0 in D,
(3.27)

w(z) = lrr‘lalx‘ u(y) for || =1/n and |z| = 1/2.
y|=|x
Let w,, denote the unique positive C? solution of (3.27). The uniqueness follows
from the comparison principle. From the invariance of the operator under
rotation, the symmetry of the domain and the boundary data, we have that
wy, is radially symmetric in D,,. The comparison principle yields that u <
Wy, < Wyt in Dy, By the Harnack inequality (Lemma 2), there exists a large
constant K > 1 such that for every n > 3, we have w,(z) < Ku(z) for
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|z| = 1/n and |z| = 1/2. Since Ku is a super-solution of (1.2), the comparison
principle gives that w,, < Ku in D,,. Using Lemma 1 and Lemma 3, we find
that, up to a subsequence, w,, converges to u* in C’lloc(Bf/Q) and u* is a positive
radial solution of (1.2) in BY , such that

u<u" < Ku in Bj).

To show the existence of u,, we proceed in a somehow similar fashion. For
n > 3, let v, denote the unique positive solution of the problem

—div (A(Jz])Vv) +v4 =0 in D,,
v(x) = ‘ITli‘Illu(y) for || = 1/n and |z| = 1/2. (3.28)
Yy|=|T
Note that we changed only the boundary condition in (3.27). As before, v,
is radially symmetric in D,,. From the comparison principle, we find that
Unt1 < vy <uin D,. In light of Lemma 2, we have v,, > u/K on dD,,. Since
u/K is a sub-solution of (1.2), we infer that v,, > u/K in D,. Using again
Lemma 1 and Lemma 3, we conclude that, up to a subsequence, v, — u, in
C’lloc(Bfﬂ) and u, is a positive radial solution of (1.2) in By, such that

1
?ugu* <u in B’f/Q.

This completes the proof of Lemma 4.

4 Proof of Theorem 2

We first prove that every positive solution of (1.2) which is dominated by &
near zero can be extended as a positive continuous solution of (1.2) in B; (see
Proposition 3). To conclude the assertion of (i), we show that (1.2) has a unique
positive solution satisfying lim,|_u(z)/®@(x) = 0 and a Dirichlet boundary
condition on 9B; (see Proposition 4). Proposition 5 completely proves the
assertion of (iii) and the direct implication of (ii). The converse implication of
(ii) follows by Proposition 3.

Proposition 3 Let ¢ > 1. The following hold:
(a) If u is a positive solution of (1.2) such that lim ;o u(x)/®(x) = 0, then
lim u(z) =6 ¢€ (0,00) and |lim || [Vu(z)| = 0. (4.1)

|z|—0 z|—0

Moreover, u € CL%(B}) for some 0 < o < 1 and satisfies

loc

A(|z])Vu - Vo dx —|—/ ulpdr =0 for all p € CH(By). (4.2)

B1 Bl

(b) If @ ¢ LI(By), then lim,_qu(x)/®(x) = 0 for any positive solution of
(1.2).



16 B. Brandolini et al.

Proof (a) We set 6 := limsup,|_,o u(z). From Lemma 4 and Proposition 1(a),
we conclude that

0< hln\l i%f u(z) <6 < 0. (4.3)
We fix 79 > 0 small such that Bs,, CC B1. We define F(r) := sup|, |-, u(z)
for r € (0,2rg). Clearly, we have limsup,_,, F/(r) = 6. We now show that
liminf, o F(r) = 6. If we assume the contrary, that is liminf, o F(r) < 0,
then there exist ¢ > 0 small and a sequence of positive numbers (t,)n>1
decreasing to zero as n — oo such that F(t,) < 6 — € for every n > 1. Since
limsup,_,, F(r) = 6, then we have

F(ty) > 0 — ¢ for some small ¢, > 0.

Without loss of generality, we can assume that ¢, < ¢; < 1. Let n; > 1 be
large enough such that ¢,, < t.. We fix n > n; and set 2 :={x € RV : ¢, <
|z| < t1}. Since max{F(t,), F(t1)} < F(t.), we have that sup,, u = supg u for
some ball B CC £2 (that is B C £2). Recall that u is a solution of (3.9). Then
by Theorem 8.19 in [11, p. 198] with L defined here as in (3.10) , we conclude
that v is constant in §2. This is a contradiction, which proves that

lim F'(r) =0, where F(r):= sup u(z). (4.4)

r—0 |z|=r

From (4.3), there exists a positive constant C; such that
0 <u(z) <Cp forevery 0 < |z| < 2r. (4.5)

By applying Lemma 3 with g = 1, we find positive constants C and « € (0, 1)
such that
|z — 2|

C
< — — N <
[Vu(z)| < and |Vu(z) — Vu(z")| < C P

||

for any z, 2" in RY with 0 < |z| < |2/| < ro. For each r € (0,7¢), we introduce
the function Uy, by

(4.6)

Uiy (&) == u(r§) for every £ € RY with 0 < [¢] < 7o/ (4.7)

This, together with (4.5) and (4.6), implies that

C
§ s
/ ‘5_6/‘04 )
|VU(’I“) (5) - vU(r) (5 )| < CW

for every &, ¢ in RY with 0 < |¢| < |¢/| < ro/r. Since u is a solution of (3.9),
we obtain that U, is a positive weak solution of the equation

rle[ A (rle]) € Ui (©)
A A L =r
U+ ey e VU0 © =" 2

for 0 < [£| < ro/r. (4.9)
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For every fixed £ € RY \ {0}, we have 0 < |¢| < ro/r provided that r > 0 is
sufficiently small. Recall that A € RVy(0+) and (1.3) holds. Hence, using also
Proposition 9, we deduce that
rlglA(rl) r?

lim =4 and lim

_ N
S W S .A(’r'|€|) =0 for every fixed € cR \ {O}

Using (4.8), (4.9) and the Arzela—Ascoli Theorem, we have that any sequence
() decreasing to zero as n — oo contains a subsequence r,, such that

Ur,y = U in Cioo(RY \ {0}), (4.10)

where U satisfies the equation

x

A T
U(z) + 19|x|2

-VU(z) =0 in RV \ {0}. (4.11)
We next show that U = 0 in RY \ {0}. Let &, be on the (N — 1)-dimensional
unit sphere SV~=1 in RY such that F(r,) = u(r,&,,). We may assume that
&, — & as n — oo. Using (4.7), we have

U (€) < F(ryl€]) for 0 < [¢] < Z}: and Uy, (&) = F(ra).  (4.12)
Letting n — oo in (4.12), then using (4.4) and (4.10), we obtain that U (&) < 6
for every ¢ € RV \ {0} and U(&) = 6. Then by the strong maximum prin-
ciple of Theorem 8.19 in [11] applied to U — 6 satisfying (4.11), we con-
clude that U(x) = @ for every z € RY \ {0}. From (4.10), we find that
limy— o0 Uy, ) (@) = 6 and limy, .o VU, ) (z) = 0 for every 2 € RV \ {0}. Since
(T) is an arbitrary sequence decreasing to 0, we derive that lim, o Uy () = 0
and lim, o VU (z) = 0 for every z € RN \ {0}. When z = r¢ with [¢] =1,
we conclude the assertion of (4.1).

To finish the proof of (a), it remains to show (4.2). Let ¢ € C(B;) be fixed
arbitrarily. In light of (4.1) and Assumption A, we see that all the integrals
in (4.2) are well-defined. For every € > 0 small, we let w, be a non-decreasing
and smooth function on (0, 00) such that

0 <we(r) <1 foreveryr € (e, 2e),
we(r) =1 for r > 2e,
we(r) =0 for r € (0, €.

Using pw, € C(B}) as a test function for (3.9), we find that

/ weA(|z])Vu - Vo da +/ ulpw, de = —J, (4.13)
Bl Bl

where we denote

J. = / Az (@) (|z]) -~ - Vuda.
e<|x|<2e ‘$|
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We now claim that lim._q J. = 0. By (4.1), it is enough to show that as ¢ — 0

A 2e
[ ey — o, tmais [N AGuar— 0 @y
e<|z|<2e €

||

as € — 0. This is true because r —— rV~2A(r) is regularly varying at 0

with positive index 9 + N — 2 so that rN~2A(r) ~ ((r) as r — 0 for some

non-decreasing function ¢ with lim,_,0{(r) = 0 (see Propositions 9 and 10 in

Appendix A). Then passing to the limit ¢ — 0 in (4.13), we conclude (4.2).
(b) The assertion follows from Lemma 4 and Proposition 2(b2).

Proposition 4 Let n € C1(0B1) be a non-negative and non-trivial function.
Then there exists a unique solution of the problem
—div (A(|z))Vu) + |u|?'u =0 in D'(B}),
1
im0 B (z)
u>0 4n BY.

=0, wu=mn on dBy, (4.15)

Moreover, u € C2%(Bf) N HY(By) for some 0 < o < 1.

loc

Proof By Lemma 3, we have that any solution u of (4.15) is in C’llo’ca (BY) for
some 0 < a < 1. Moreover, we have u € H'(By). Indeed, from Proposition 3,
we infer that u € W,LP(By) for every 1 < p < N. Since p € C'(8B,) and u €
C'(By), by the classical trace theory, there exists a function 77 € H'(By\ By 2)
such that 7) = 7 on By and 7] = u on 9By /3. By the classical regularity theory,

we conclude that u € H'(By \ By2). This proves that u € H'(By).

Eristence. We show that (4.15) has at least a solution. Let Cy > 0 be a
large constant such that Cy > maxgp, 7. For any integer n > 2, let u,, be the
unique solution of the problem

— div (A(je]) V) + [ul* "0 = 0 in By \ By,
u(z) =Cy for || =1/n and uw=1n on dB,
u>0 in By \Bl/n

By the comparison principle, we obtain that

Un+41 S Unp S C() in Bl \Bl/n (416)

By Lemma 3, we conclude that, up to a subsequence, u,, — U~ in Clloc(Bf)
and us is a non-negative solution of (1.2) such that u., = n on 9B;. Since
n £ 0 on 0By, by the strong maximum principle (see, for example, [18]), we
find that us > 0 in BY.

Uniqueness. Let up and ug be two solutions of (4.15). Then we have u; —
ug € HY(By). For any small € > 0, we define w, as in the proof of Proposition 3.
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We set 2. := By \ Be. Since (u1 —uz)w, € H}(§2.), it follows that there exists
a sequence (pn)n>1 in CL(§2) such that
On — (U1 — ug)we  in H'(02,). (4.17)

Using ¢, as a test function in (1.4) for the solutions w; and ug on (1.2), then
subtracting these equations, we obtain that

/ A(z)V(u1 — uz) - Vo, dz + / (uf —ud)ppdx =0 (4.18)
£

€

for every n > 1. Since A € Cl[¢, 1] and (4.17) holds, by passing to the limit
n — oo in (4.18), we arrive at

/ w6(|x|)A(|x|)|V(u1—u2)|2d:v+/ (u? — ud) (w1 —up)w. da = —1I., (4.19)
QE Q€
where by I. we denote

xT

o= [ Al el -V )

By Proposition 3 and (4.14), we see that lim._g I, = 0. Hence, letting ¢ — 0
in (4.19), we find that

A2V (ur — )| do + / (u? —u)(ur — wp)dz = 0. (4.20)

Bl Bl

Since both integrals in (4.20) are non-negative, we find that u; = ug in Bj.

Proposition 5 Let n € C1(0B1) be a non-negative function. If & € L4(By),
then for any A € (0,00], there exists a unique solution of the problem

— div (A(|z|)Vu) + [u|?tu =0 in D'(B}),

lim —= = A, d u= 0By, 4.21
le‘r_r}O () and u=m7n on 0B (4.21)

u>0 in B

Conversely, if (1.2) admits a positive solution such that u(x)/®(x) converges
to a positive number as |x| — 0, then & € LY(By).

Proof We first prove the uniqueness of the solution of (4.21) when A € (0, oo].

Uniqueness. Let u; and us be two solutions of (4.21). If A € (0,00), then
clearly lim;| o u1(x)/uz(2z) = 1. This property also holds if A = oo by Theo-
rem 3(III). Hence, for any € > 0 fixed, there exists r. € (0,1) such that

uy(z) < (14 €ua(x) for 0 < |z| <re.
By the comparison principle, we find that

up(x) < (1+ €ug(x) for re < |z| < 1.
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Hence, u1 < (1 + €)ug in BY. Letting € — 0 and interchanging u; and ug, we
have u; = ug in By.

Ezistence. We show that if A € (0,00), then (4.21) has a solution. By
Proposition 1(b1), there exists a unique positive solution u. € C%(0,1] of

e (g AN ) )

"(r) + (N T > = fro<r<t, .
k() _ '
}13% ) =\ u(l)=1.

Let Cp > 1 be chosen such that Cp > maxsp, . By the comparison principle,
we find that
U AP+ Cy for 0 <r<1. (4.23)

For any integer n > 2, we denote by v,, the unique solution of the problem
— div (A(|z])Vv) + [0 'v =0 in By \ By/n,
v(z) = AP(z) + Cy for || =1/n and v=n on 9B,
v>0 in Bl\Bl/n'

By the comparison principle and the method of sub-super-solutions, we have

{UnJrl <y, S)\¢+CO in Bl\Bl/n7

(4.24)
uy < vy + Ch in By \ By/p.

Using again Lemma 3, we obtain that, up to a subsequence, v, — vy in
CL (B}) and v, is a positive solution of (1.2) for some 0 < o < 1 such that

loc

Voo =1 on 0B;. From (4.24), we have
ux(|z]) — Co < voo () < AP(z) + Cpy for 0 < |z] < 1.
Using (4.22), we conclude that lim,|_q veo (7)/P(x) = A.

We prove that (4.21) has also a solution when A = co. To this aim, for
any integer n > 1, we denote by u,, the unique solution of (4.21) with A\ = n.
By the comparison principle, we infer that u, < u,y1 in Bf. Then, by using
Lemmas 1 and 3, we obtain that, up to a subsequence, u,, — us in CL_(B7),
where u is a solution of (4.21) with A = oo. Moreover, uq is in Clt’ca (By) for
some « € (0,1).

Finally, let u be a positive solution of (1.2) such that u(z)/®(x) converges
to a positive number as |z| — 0. We show that & € LY(B;). By Lemma 4, there
exists a positive radial solution u* of (1.2) in By, such that u < u* < Ku
in B}, for some constant K > 1. It follows that limsup, o u"*(r)/@(r) is a
positive number. We prove that lim,_,ou*(r)/®@(r) exists in (0,00), then by
applying Proposition 1(b), we conclude that ¢ € L?(B;). Assume by contra-
diction that there exists a constant C such that

e ut(r) . u*(r)
lliIl}(I)lf (1) <C< hI:Ls(l)lp () (4.25)
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Then for some sequence (ry,),>1 decreasing to 0, we have u*(r,) < CP(r,,) for
every n > 1. By the comparison principle, we obtain that u*(r) < C®(r) for
every r € (0,71). This is a contradiction with (4.25). This completes the proof
of Proposition 5.

5 Proof of Theorem 3

Case (I) occurs when lim|,|_,o u(x)/®@(x) = 0 (see Proposition 3). In Proposi-
tion 6, we prove that Case (II) is valid when limsup,_, u(x)/?(z) € (0, 00).
Finally, in Proposition 7 we conclude that Case (IIT) occurs for any positive
solution u of (1.2) with lim supy,_ u(x)/@(x) = oco.
We first show that
o(r)
I
20 1(r)

=0, where? is defined by (3.1). (5.1)

By Theorem 5(b) in Appendix A, we have
. rNei(r)
lim ————t—
r—0 [ tN10a(t) dt
From (3.1) and (5.2), we infer that

=N—gq(N-2+9)>0. (5.2)

®I1(r) Jo mdt o,
— =~ [N—q(N -2 AL —1gpa (5.
T () [V —q( +9)] NGB0 /0 t (t)dt asr—0. (5.3)
By using (3.7) and lim,_,o r®'(r)/®(r) = 2 — N — ¥, we obtain that
Jo Aty 4t 1 r2=N Nwy(¥+ N —2)
I = I = . 4
20 NG 2= 0 b A B(r) 29 (54)

By combining (5.3) and (5.4), we arrive at

B9 (r) Nwn (9 + N —2
To1(r) 29

which proves (5.1) since [; tN~1®4(t)dt — 0 as r — 0.

~ [N —g(N -2 +9)] )/TtN_lsﬁq(t)dt asr — 0,
0

Proposition 6 Let ¢ > 1 and & € LY(By). If u is a positive solution of (1.2)
such that

. u(z)
A= limsup € (0,00), 5.5
msup g (0,00) (5.5)
then we have
T S R ALLC) BTSSP WS O
|zl [Vu()| '
lim —————— =¥ -2+ N)A\.
R 1o B A

Moreover, u € C’llo’f(Bi‘) for some 0 < o < 1 and u satisfies (1.8).
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Proof Let 1o > 0 be small such that Ba,,(0) CC B;. We define

v(z) = ——= forx € B] and G(r) := sup v(z) for r € (0,2rg).
@(.’IJ) |z|=r
Claim A. We have lim,_,o G(r) = A.

By using that & is the fundamental solution of (1.7), we obtain that v is a
weak solution of

@' (|=]) A’(I%I)) x e )

Av+(2 -+ — . Vv=——"" in BY. 5.7
3a) " Al ) Tl Al Lo 60
We rewrite (5.7) as

ov
6561‘

N
Lv:= Av+ Z c(z)z— +d(z)v=0 in Bf,
i=1

where ¢!(x) for i = 1,..., N and d(z) are given in B} by

oy () A (e
‘@)= (2 B(x) +A(xl)) 4 diz): Ael)

By applying Theorem 8.19 in [11] to v and an argument similar to (4.4), we
conclude the claim.

For each r € (0,7¢), we define V{,, as follows
Viry(€) :==v(r§) for every £ € RY with 0 < |¢] < %O. (5.8)

Claim B. There exist positive constants Cy, Co and C3 such that

C
Vin©1 < Cr, WVl < 374
e e 1-a (5.9)
9V (&) — TV ()] < 'ﬁﬂﬁ' C1 Gy (5 = ) 1
for every &, in RN with 0 < |¢| < |€'] < ro/r.
From (5.5), we infer that there exists a positive constant C; such that
0 <u(z) <C1P(x) for every 0 < |z| < 2rg. (5.10)

Since @ is regularly varying at zero with index —(IN — 2 + 9) such that 0 <
N-2+9 < (2—-9)/(g—1) and (5.1) holds, we can apply Lemma 3 with
g = ®. Hence, there exist positive constants C' and « € (0,1) such that

P(x)

o
[Vu(z)| < CW and |Vu(z) — Vu(z")| < C’|x(1f_)a |z —2'|*  (5.11)
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for any z,2’ in R satisfying 0 < |z| < |2/| < ro. We see that V{,(§) given by
(5.8) satisfies

(Vu)(r§) — u(rf) >
YV (€) = - 5.12
o= (G~ FoE® O o1
for every 0 < [€] < ro/r. The first two inequalities in (5.9) are immediate since
lim T;;g) =2-N -9 and Cj := O<s;1<pr t|§/(g)| € (0, 00). (5.13)

We now show the last inequality in (5.9). In view of (5.12), we can write

v‘/(r) (g) - v‘/(r) (fl) = T[Tl (Ta 57 5,) - T2 (Ta 57 5/)]7 (514)
where we define T and T5 as follows

(Vu)(r§) _ (Vu)(rf)

RS =500~ awen)
D P E L Pl €

Using the triangle inequality, then (5.11) and the mean value theorem, we have

((Vu)(ré) = (Vu)(reh)| | [(Vu)(r€)]

T ' 7 — d(rl¢
g€ < A5 e Do rie)) - 2(r1¢ )
§ =& 1€l = 1€"1] (|§-§'|a |§—§'|>
C CC <C C
= O O = e T e
for every 0 < |¢] < |€| < ro/r, where Cj is given by (5.13). We define
/ @' (rll) P'(rlg') .
T = - .
S8 = e e atienen®

By the mean value theorem and the asymptotic properties of @ near zero, we
infer that there exists a positive constant C’ such that

€= ¢
IEI2

By the triangle inequality and the first two inequalities in (5.9), we find that

12/ (rl€D]
o(rle])

T3(r€.€)| < ¢ for every 0 < |¢] < [¢/| < =2

Vi (€)= Vior (€)] + Vi (€)ITs (. £,€)|
< o0 6 mg | Ty 6,67 < (CoCo + i 6 |§|§ |

for every 0 < |£] < |€'| < ro/r. By (5.14) and the above estimates on T; and
T5, we reach the last inequality in (5.9).

Claim C. The assertion of (5.6) holds.

| Ta(r,&,€)| <
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The function V{,) given by (5.8) is a positive weak solution of the equation

20/(rle]) | ACIED ) € TVin(©) _ 29 (rleD) |
T T A e AMf)Wﬂilm

for 0 < |¢] < ro/r. Let & € RN \ {0} be fixed. Then 0 < |¢| < ro/r for every
r > 0 small enough. Using (5.1) and the limit in (3.7), we deduce that

AV (§) +r <

ez 2D PR 2
e ey T an . - G O im ey = 616

Claim B and the Arzela—Ascoli Theorem imply that any sequence (7,) de-
creasing to zero as n — oo contains a subsequence (r,) such that

Vi) = V. in Cloe(RY\ {0}).

Moreover, V satisfies the equation

X

AV (z) + (4 —2N —9)— - VV(z) =0 in RV \ {0}. (5.17)

|z[?
This follows from (5.15) by using (1.3), (5.13) and (5.16). From Claim A and
Theorem 8.19 in [11] applied to V — v satisfying (5.17), we conclude that
V = in RY \ {0}. The argument is the same as in Proposition 3 regarding
U = 0 in RV \{0}. Thus lim, o V(;(2) = v and lim,_o VV,(x) = 0 for every
x € RN\ {0}. By letting = r¢ with |¢| = 1 and using (5.12), we obtain (5.6).

Claim D. We have u € Cllo’co‘(BT) for some 0 < a < 1 and u satisfies (1.8),
that s

A(lz])Vu - Vo dx +/ ulpdr = \p(0) for every p € CH(By). (5.18)

B, By

Let ¢ € C}(B1) be arbitrarily fixed. By (1.6) and Theorem 5 in Appendix A,
we find that

lim 7V 1@ (r)A(r) !

= . 1
r—0 NwN(19+N—2) (5 9)

Hence, using (5.6), we obtain that the integrals in (5.18) are well-defined. Let
€ > 0 be small. We define w, as in the proof of Proposition 3 and with a similar
argument, we recover (4.13). Using (5.19), together with (5.6), we obtain that
the right-hand side of (4.13), converges to Ap(0) as € — 0. Hence, letting e — 0
in (4.13), we conclude (5.18). This finishes the proof of Proposition 6.

Proposition 7 Let g > 1. Assume that ® € L1(By). If u is a positive solution
of (1.2) such that limsup,,_o u(z)/P(x) = oo, then we have

u(z) ~ a(|z]) as x| — 0, (5.20)

where @ is given by (1.9).
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Proof Let u be a positive solution of (1.2) with limsup,_, u(x)/®(x) = cc.
Then Corollary 4 gives that lim,_ou(z)/®(x) = oco. By Lemma 4, there
exist two radial solutions u, and u* of (1.2) in By, such that (3.26) holds. If
g = N/(N —2+9), then by Corollary 2, we know that wu.(r) ~ u*(r) ~ a(r)
as r — 0 so that (5.20) holds.

To conclude the proof, it remains to show (5.20) when 1 < ¢ < N/(N —
2 + 9). We distinguish two cases:

Case 1: If g(N —2+49) # 4 — N — 29, then by Corollary 1, we obtain (5.20).

Case 2: If (N —2+19) = 4— N — 29, then we cannot use Corollary 1. We thus
introduce in the spirit of [8] a suitable pair of sub-super-solutions with known
asymptotic behaviour at 0. We divide the proof of (5.20) into three steps.

Step 1: We have ‘hm u(z)/f(|x]) = oo for every f € RV,(0+) with 0 > p >
(9 —=2)/(qg—1).
Let f € RV,(0+) with 0 > p > (9 — 2)/(¢ — 1). We fix ¢; € R such that

2—9—p N
-p 'N—-2+9

g<q < min{ (5.21)

Since lim|,—o u(x) = 0o and u is a solution of (1.2), we obtain that

A(Jz])

~ T ) ]

Vu(z) + ——<u? >0 for 0 < |z| < 1/2. (5.22)

(\ )

Similar to u, in Lemma 4, we construct a positive solution v, of

—"(r) — (N 1+ Tﬁ;g) “IY) + Aér) v =0 for0<r<1/2

such that lim, 0 veo (1) /P(r) = 00 and v (J2]) < u(z) for every 0 < |z| < 1/2.
In view of (5.21) we can use Corollary 1 with ¢ = ¢; to obtain that

(n —1 @t
Voo (1) [N (N = 2+19q1/A dt] asr — 0.

Hence, v, behaves near zero as a regularly varying function at zero with
index (¥ — 2)/(g1 — 1). This index is less than p by virtue of (5.21). Thus by
Proposition 9 in Appendix A, we obtain that lim, . vs(r)/f(r) = co. Since
Voo (|2]) < u(x) for every 0 < |z| < 1/2, we conclude Step 1.

Step 2: Construction of sub- and super-solutions.
Let A € (0, 1) be any suitably small number. Fix € € (0,2 —1) small. We define

giw):{m[(w)@_m_z@}*. (529

qg—1[\¢g—1
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Recall that 7" is defined by (3.1), namely
_1
T(r) = / Eoag) "k € (0,1) (5.24)
(r) = A or every r ,1). .

Claim: For any small € > 0, there exists r. > 0 such that for every \ €
[0, Xo], the function {1 (e, T TA(r) (respectively, £_(e, \)Y1~*) is a radial
super-solution (respectively, sub-solution) of (1.2) in By .

Fix € > 0 sufficiently small. We need to show that there exists r. > 0 such
that for every A € [0, A, the function v = £ (e, \)T1*(r) satisfies

- {U”(r) + (N 1+ Tﬁ;g) ”/ir)] + [%{Ziq >0 for0<r<r., (525

respectively, v = £_ (e, \)Y'17*(r) satisfies the reverse inequality in (5.25). By
(3.7), we have that for every € > 0, there exists r. > 0 such that

r2

|B(r) — 2+ 9| < e for all r € (0,7.), where B(r) .= ———————. (5.26)
A(r) [, ﬁdt

Since lim,_,o 1 (r) = oo, we can diminish 7. > 0 so that 7°(r) > 1 for every
r € (0,7¢) . Using a simple calculation, we find that vL(r) = £+ (e, \)T (1)

satisfies
v () B LA [P(r))e?
ir _Ki(e’)\)(lq> A(r) 7

VL (r) = ”QET(T) [1 - Tﬁ;g) - (gf?) B(r)} .

Thus the left-hand side of (5.25), in short LHS of (5.25), with v = £ (€, \)T1¥(r)
is given by

+
PN To\(r)

LHS of (5.25) = La(e, )T ()] 0,

(5.27)

where we define

T (r) = (m) {N - (‘”ﬁ) ‘B(r)} + 07 e N [P ()Y L (5.28)

qg—1 q-—

From (5.27), we see that the claim is proved if :I:Tj’[)\(r) > 0 for every r € (0,7¢)
and for each A € [0, Ag]. Using (5.28), jointly with (5.26), we obtain that

+TH(r) > (1“> {N - (qiD (2—9+ e)} +05 e N, (5.29)

qg—1

Our definition of ¢4 (e, A) in (5.23) gives that the right-hand side of the in-
equality in (5.29) is equal to zero. Hence, we conclude the claim.

Step 3: Proof of (5.20) completed.
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Fix € € (0,2 — 9) sufficiently small and A € (0, Ag]. Let . > 0 and X\g be as
in Step 2. Observe that T'** is regularly varying at 0 with index %.
Thus Corollary 3 and Step 1 give that

u(x) u(z)

lim ———— =0, lim ——7  — 0. 5.30
jz|—0 T1HA(|z]) |z|—0 Y= (|2]) (5.30)

Set M, := max|z—, u(x) and £ = lim¢_o(limx—o ¢+ (¢, A)). Then from (5.23),
we obtain that ¢_(e,\) < £ < €1 (e, X) for A € (0, Ag]. Clearly, u(x) + €Y (r) is
a super-solution of (1.2) in B}, while Step 2 gives that £, (e, \)T+* + M, is
a super-solution of (1.2) in By, . From (5.30) and the comparison principle, we
find that for every A € (0, \g]

Ly (e, )\)T1+A(|x|) + M, > u(x), u(x) + 01 (re) > £_(e, /\)Tl_A(|x|)

for every 0 < |z| < r.. The above inequalities also hold when A is replaced by
0 (by taking A — 0). Hence, we have

wz) lim £(e,)),  liminf u(z)

lim sup
lz|—0 Y (|x|)

a0 L(Jz])

> 1 . .
> ;13%) 0_(e,N) (5.31)

By letting € go to zero in (5.31), we obtain that

_u(@)  [N—(N-249)q]7"
R0l [T @2 | >3

From (5.24) and (5.32), we conclude the proof of (5.20).

A Regular variation theory

We recall the notion of regular variation at zero and some properties of regularly varying
functions. For more details, we refer to [1] and [21].

Definition 3 A positive measurable function L defined on an interval (0, b] for some b > 0
is called slowly varying at (the right of) zero if

L(\t
t%% =1 for every A > 0.

A function f is called regularly varying at 0 with real index p, or f € RV,(0+) in short, if
f(t) = tPL(t) for some function L which is slowly varying at 0.

Thus for almost all purposes, it is enough to study the properties of slowly varying
functions.

Proposition 8 (Uniform Convergence Theorem) If L is a slowly varying function at
zero, then L(Et)/L(t) — 1 as t — 0, uniformly on each compact &-set in (0, 00).

It may be easily proved that a slowly varying function is locally bounded.
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Theorem 4 (Representation Theorem) The function L is slowly varying at 0 if and
only if it can be written in the form

L(t):n(t)exp(/bta(r—r)dr), 0<t<b

for some b > 0, where n is a measurable function on (0,b] satisfying lim;—on(t) = n €
(0,400) and € is a continuous function such that lim¢—.oe(t) = 0.

If n(t) is replaced by a constant 7, then the new function is referred to as a normalized
slowly varying function. In this case, €(t) = tL'(t)/L(t) for 0 < t < b. Conversely, any
function L € C1(0,b] which is positive and satisfies lim—o tL/(t)/L(t) = 0 is a normalized
slowly varying function.

Remark 5 Any slowly varying function at zero is asymptotically equivalent to a normalized
slowly varying one.

Proposition 9 (Elementary properties of slowly varying functions) Let L be a
slowly varying function at zero. The following properties hold:

(a) t™L(t) — 0 and t~"™L(t) — oo as t — 0 for every m > 0;

(b) L(t)™ is slowly varying for every m € R;

(¢) If L1 is also slowly varying, then so are L(t)L1(t) and L(t) + L1(t).

Proposition 10 (Monotone equivalents) A positive, measurable function L is slowly
varying at zero if and only if, for every m > 0, there exist a non-increasing function f and
a non-decreasing function g such that

ETLE) ~ (), L) ~g(t) (ast —0).
Theorem 5 (Karamata’s Theorem; direct half) Let f vary regularly at zero with

index p and be locally bounded on (0,b]. Then
(a) for any o > p— 1, we have

L (O Y
t—0 ftbr—"—Qf(r) dr )

(b) for any o < p—1 (and for o =p—1if [(r=P71f(r)dr < 400), we have

lim t_a_lf(t)

————— = —0+p—1.
t—0 fg r=o=2f(r) dr p

Karamata’s Theorem tells us how regularly varying functions behave when multiplied
by powers and integrated. It is a remarkable fact that such a behaviour can only arise in
the case of regular variation, as we can deduce from the following result.

Theorem 6 (Karamata’s theorem: converse half) Let f be a positive and locally
integrable function on (0,b].

(a) If for some o > p — 1, we have

t=oLf(¢
G (N
t—0 ft T*U*Qf('r) dr
then f varies regularly at zero with indez p;
(b) If for some o < p— 1, we have
t=oLf(t
lim ) =—0+p—1,

t—0 fOt r*U*Qf(T) dr

then again f varies reqularly at zero with index p.
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